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TRANSLATOR’S PREFACE TO THE
SECOND ENGLISH EDITION.

SiNCE the appearance of the first edition of the
present translation of Mach's Mechanics,* the views
which Professor Mach has advanced on the phileso-
phy of science have found wide and steadily increas-
ing acceptance. Many fruitful and elucidative con-
troversies have sprung from his discussions of the
historical, logical, and psychological foundations of
physical science, and in consideration of the great
ideal success which his works-have latterly met with
in Continental Europe, the time seems ripe for a still
wider dissemination of his views in English-speaking
countries. The study of the history and theory of
science is finding fuller and fuller recognition in our
universities, and it is to be hoped that the présent ex-
emplary treatment of the simplest and most typical
branch of physics will stimulate further progress in
this direction, : : .

The text of the present edition, which contains
the extensive additions made by the author to the

* Dje Mechanik in ihrer Entwickelung historisch-kritisch dargestellt. Von
Dr. Ernst Mach, Professor an der Universitédt zu Wien. Mit 257 Abbildungen.
First German edition, 1883. Fourth German edition, rgor. First edition of
the English translation, Chicago, The Open Court Publishing Co., 1893.
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latest German editions, has been thoroughly revised
by the translator. All errors, either of substance or
typography, so far as they have come to the trans-
lator’s notice, have been removed, and in many cases
the phraseology has been altered. The sub-title of
the work has, in compliance with certain criticisms,
also been changed, to accord more with the wording
of the original title and to bring out the idea that the
work treats of the principles of mechanics predomi-
nantly under the aspect of their development (Entwicke-
lung). To avoid confusion in the matter of references,
the main title stands as in the first edition.

The author’s additions, which are considerable,
have been relegated to the Appendix. This course
has been deemed preferable to that of incorporating
them in the text, first, because the numerous refer-
ences in other works to the pages of the first edition
thus hold good for the present edition also, and sec-
ondly, because with few exceptions the additions are
either supplementary in character, or in answer to
criticisms. A list of the subjects treated in these ad-
ditions is given in the Table of Contents, under the
heading ‘¢Appendix” on page xix.

Special reference, however, must be made to the
additions referring to Hertz’'s Aecianics (pp- 548-555),
and to the history of the development of Professor
Mach’s own philosophical and scientific views, notably
to his criticisms of the concepts of mass, inertia, ab-
solute motion, etc., on pp. 542-547, 555-574, and 579

i
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-583. The remarks here made will be found highly
elucidative, while the references given to the rich lit-
erature dealing with the history and philosophy of
science will also be found helpful.

As for the rest, the text of the present edition of
the translation is the same as that of the first. It has
had the sanction of the author and the advantage
of revision by Mr. C. S. Peirce, well known for his
studies both of analytical mechanics and of the his-
tery and logic of physics. Mr. Peirce read the proofs
of the first edition and rewrote Sec. 8 in the chapter
on Units and Measures, where the original was in-
applicable to the system commonly taught in this
country.

TrHomas J. McCORMACK.
La SaLig, ILi., February, 1goa.



AUTHOR’S PREFACE TO THE TRANS-
LATION.

' Having read the proofs of the present translation
of my work, Die Mechanik in ihrer Entwickelung, 1 can
testify that the publishers have supplied an excellent,
accurate, and faithful rendering of it, as their previous
translations of essays of mine gave me every reason to
expect. My thanks are due to all concerned, and
especially to Mr. McCormack, whose intelligent care
in the conduct of the translation has led to the dis-
covery of many errors, heretofore overlooked. I may,
thus, confidently hope, that the rise and growth of the
iceas of the great inquirers, which it was my task to
portray, will appear to my new public in distinct and
sharp outlines. E. Macs.

Pracug, April 8th, 1893.



PREFACE TO THE THIRD EDITION.

THAT the Interest in the foundations of mechanics
is still unimpaired, is shown by the works published
since 1889 by Budde, P. and J. Friedliander, H. Hertz,
P. Johannesson, K. Lasswitz, MacGregor, K. Pearson,
J. Petzoldt, Rosenberger, E. Strauss, Vicaire, P.
Volkmann, E. Wohlwill, and others, many of which
are deserving of consideration, even though briefly.

In Prof. Karl Pearson (Grammar of Science, Lon-
don, 1892), I have become acquainted with an inquirer
with whose epistemological views I am in accord at
nearly all essential points, and who has always taken
a frank and courageous stand against all pseudo-
scientific tendencies in science. Mechanics appears
at present to be entering on a new relationship to
physics, as is noticeable particularly in the publica-
tion of H. Hertz. The nascent transformation in our
conception of forces acting at a distance will perhaps
be influenced also by the interesting investigations of
H. Seeliger (¢* Ueber das Newton’sche Gravitations-
gesetz,” Sitzungsbericht der Miinchener Akademie, 1896),
who has shown the incompatibility of a rigorous inter-
pretation of Newton’s law with the assumption of an
unlimited mass of the universe.

VIENNA, January, 1897. E. Mach.
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ing these cases must ever remain the method at once
the most effective and the most natural for laying this
gist and kernel bare. Indeed, it is not too much to
say that it is the only way in which a real comprehen-
sion of the general ubshot of mechanics is to be at-
tained.

I have framed my exposition of the subject agree-
ably to these views. It is perhaps a little long, but, on
the other hand, I trust that it is clear. I have not in
every case been able to avoid the use of the abbrevi-
ated and precise terminology of mathematics. To do
so would have been to sacrifice matter to form ; for the
language of everyday life has not yet grown to be suf-
ficiently accurate for the purposes of so exact a science
as mechanics.

The elucidations which I here offer are, in part,
substantially contained in my treatise, D/e Geschichite
und die Wurzel des Saizes von der Erhaltung der Arbeit
(Prague, Calve, 1872). At a later date nearly the same
views were expressed by KircHHOFF (Forlesungen iiber
mathematische Physik: Mechanik, Leipsic, 1874) and by
Hewvmrovrz (Die Thatsacken in der Wakrnehmung,
Berlin, 1879), and have since become commonplace
enough. Still the matter, as I conceive it, does not
seem to have been exhausted, and I cannot deem my
exposition to be at all superfluous.

In my fundamental conception of the nature of sci-
ence as Economy of Thought,—a view which I in-
dicated both in the treatise above cited and in my
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pamphlet, Die Gestalten der Flissigheit (Prague, Calve,
1872), and which I somewhat more extensively devel-
oped in my academical memorial address, D:e 6kono-
mische Natur der physikalischen Forschung (Vienna, Ge-
rold, 1882,—I no longer stand alone. I have been
much gratified to find closely allied ideas developed,
in an original manner, by Dr. R. AvENARIUS (Philoso-
phie als Denken der Welt, gemdss dem Princip des klein-
sten Kraftmaasses, Leipsic, Fues, 1876). Regard for
the true endeavor of philosophy, that of guiding into
one common stream the many rills of knowledge, will
not be found wanting in my work, although 1t takes a
determined stand against the encroachments of meta-
physical methods.

The questions here dealt with have occupied me
since my earliest youth, when my interest for them was
powerfully stimulated by the beautiful introductions of
L AGRANGE to the chapters of his Analytic Mechanics, as
well as by the lucid and lively tract of JoLLy, Principien
der Mechanik (Stuttgart, 1852). If DUEHRING'S esti-
mable work, Kritische Geschichte der Principien der Me-
chani (Berlin, 1873), did not particularly influence
me, it was that at the time of its appearance, my ideas
had been not only substantially worked out, but actually
published. Nevertheless, the reader will, at least on
the destructive side, find many points of agreement
between Diihring’s criticisms and those here expressed.

The new apparatus for the illustration of the sub-
ject, here figured and described, were designed entirely
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by me and constructed by Mr. F. Hajek, the mechani-
cian of the physical institute under my control.

In less immediate connection with the text stand
the fac-simile reproductions of old originals in my pos-
session. The quaint and naive traits of the great in-
quirers, which find in them their expression, have al-
ways exerted upon me a refreshing influence in my
studies, and I have desired that my readers should
share this pleasure with me.

E. Macs.

PraGguEg, May, 1883.



PREFACE TO THE SECOND EDITION.

IN consequence of the kind reception which this
book has met with, a very large edition has been ex-
hausted in less than five years. This circumstance and
the treatises that have since then appeared of E. Wohl-
will, H. Streintz, L.. Lange, J. Epstein, F. A. Miiller,
J- Popper, G. Helm, M. Planck, F. Poske, and others
are evidence of the gratifying fact that at the present
day questions relating to the theory of cognition are
pursued with interest, which twenty years ago scarcely
anybody noticed.

As a thoroughgoing revision of my work did not
yet seem to me to be expedient, I have restricted my-
self, so far as the text is concerned, to the correction
of typographical errors, and have referred to the works
that have appeared since its original publication, as
far as possible, in a few appendices.

E. MacH.
PRAGUE, June, 1838.
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THE present volume is not a treatise upon the ap-
plication of the principles of mechanics. Its aim is
to clear up ideas, expose the real significance of the
matter, and get rid of metaphysical obscurities. The
little mathematics it contains is merely secondary to
this purpose.

Mechanics will here be treated, not as a branch of
mathematics, but as one of the physical sciences. If
the reader’s interest is in that side of the subject, if
he is curious to know how the principles of mechanics
have been ascertained, from what sources they take
their origin, and how far they can be regarded as
permanent acquisitions, he will find, I hope, in these
pages some enlightenment. All this, the positive and
physical essence of mechanics, which makes its chief
and highest interest for a student of nature, is in ex-
isting treatises completely buried and concealed be-
neath a mass of technical considerations.

The gist and kernel of mechanical ideas has in al-
most every case grown up in the investigation of very
simple and special cases of mechanical processes; and
the analysis of the history of the discussions concern-
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TrE number of the friends of this work appears to
have increased in the course of seventeen years, and
the partial consideration which my expositions have
received in the writings of Boltzmann, Féppl, Hertz,
Love, Maggi, Pearson, and Slate, have awakened in
me the hope that my work shall not have been in
vain. Especial gratification has been afforded me by
finding in J. B. Stallo (Z%e Concepts of Modern Plysics)
another staunch ally in my attitude toward mechanics,
and in W. K. Clifford (Zeczures and Essays and Zhe
Common Sense of the Exact Sciences), a thinker of kin-
dred aims and points of view.

New books and criticisms touching on my discus-
sions have received attention in special additions,
which in some instances have assumed considerable
proportions. Of these strictures, O. Holder’s note on
my criticism of the Archimedean deduction (Denken
und Anschauung in der Geometrie, p. 63, note 62) has
been of special value, inasmuch as it afforded me the
opportunity of establishing my view on still firmer
foundations (see pages 512-517). I do not at all dis-
pute that rigorous demonstrations are as possible in
mechanics as in mathematics. But with respect to
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the Archimedean and certain other deductions, I am
still of the opinion that my position is the correct
one.

Other slight corrections in my work may have
been made necessary by detailed historical research,
but upon the whole I am of the opinion that I have
correctly portrayed the picture of the transformations
through which mechanics has passed, and presumably
will pass. The original text, from which the later in-
sertions are quite distinct, could therefore remain as
it first stood in the first edition. I also desire that no
changes shall be made in it even if after my death a
new edition should become necessary.

E. Macs.
VIENNA, January, 1901,
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INTRODUCTION.

1. THaT branch of physics which is at once the old- Thescience
est and the simplest and which is therefore treated Sraechan:
as introductory to other departments of this science,
is concerned with the motions and equilibrium of
masses. It bears the name of mechanics.

2. The history of the development of mechanics,
is quite indispensable to a full comprehension of the
science in its present condition. It also affords a sim-
ple and instructive example of the processes by which
natural science generally is developed.

An instinctive, irreflective knowledge of the processes Instinctive

. . . knowledge.
of nature will doubtless always precede the scientific,
conscious apprehension, or inwestigation, of phenom-
ena. The former is the outcome of the relation in
which the processes of nature stand to the satisfac-
tion of our wants. The acquisition of the most ele-
mentary truth does not devolve upon the individual
alone: it is pre-effectéd in the development of the race.

In point of fact, it is necessary to make a dis- Mechanical
tinction between mechanical experience and mechan- “F* "
ical science, in the sense in which the latter term is at-
present employed. Mechanical experiences are, un-
questionably, very old. If we carefully examine the
ancient Egyptian and Assyrian monuments, we shall
find there pictorial representations of many kinds of
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Theme- implements and mechanical contrivances; but ac-
phantadge counts of the scientific knowledge of these peoples
ofantauity re either totally lacking, or point conclusively to a
very inferior grade of attainment. By the side of
highly ingenious ap-
pliances, we behold
the crudestand rough-
est expedients em-
ployed—as the use of
sleds, for instance, for
the transportation of
enormous blocks of
stone. All bears an
instinctive, unperfec-
ted, accidental char-
acter.
So, too, prehistoric
graves contain imple-
mentswhose construc-

1811

tion and employment
imply no little skill
and much mechanical
experience. Thus,long
before theory was
dreamed of, imple-
ments, machines, me-
{ chanical experien-
ces, and mechanical
knowledge were abun-
dant.
Have we 3. The idea often
underrated :

suggests itself that

it?
‘perhaps the incom-
pléte accounts we pos-
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sess have led us to underrate the science of the ancient
world. Passages occur in ancient authors which seem
to indicate a profounder knowledge than we are wont
to ascribe to those nations. Take, for instance, the
following passage from Vitruvius, De Architectura,
Lib. V, Cap. I1II, 6:

¢ The voice is a flowing breath, made sensible t0 a passage
¢‘the organ of hearing by the movements it produces fom V™
¢¢in the air. It i§ propagated in infinite numbers of
¢¢circular zones:* exactly as when a stone is thrown
¢“into a pool of standing water countless circular un-
¢“dulations are generated therein, which, increasing
‘¢as they recede from the centre, spread out over a
‘cgreat distance, unless the narrowness of the locality
‘“or some obstacle prevent their reaching their ter-
¢““mination ; for the first line of waves, when impeded
¢‘by obstructions, throw by their backward swell the
¢¢succeeding circular lines of waves into confusion.
¢« Conformably to the very same law, the voice also
‘¢ generates circular motions ; but with this distinction,
¢<¢that in water the circles, remaining upon the surface,
‘are propagated horizontally only, while the voice is
¢¢propagated both horizontally and vertically.”

Does not this sound like the imperfect exposition Controvert-
of a popular author, drawn from more accurate disqui- e
sitions now lost? In what a strange light should we
ourselves appear, centuries hence, if our popular lit-
erature, which by reason of its quantity is less easily
destructible, should alone outlive the productions of
science ? This too favorable view, however, is very
rudely shaken by the multitude of other passages con-
taining such crude and patent errors as cannot be con-
ceived to exist in any high stage of scientific culture.

(See Appendix, L., p. 509.)
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The origin 4. When, where, and in what manner the develop-

of science. - - . -
ment of science actually began, is at this day difficult
historically to determine. It appears reasonable to
assume, however, that the instinctive gathering of ex-
periential facts preceded the scientific classification of
them. Traces of this process may still be detected in
the science of to-day; indeed, they are to be met with,
now and then, in ourselves. The experiments that
man heedlessly and instinctively makes in his strug-
gles to satisfy his wants, are just as thoughtlessly and
unconsciously applied. Here, for instance, belong the
primitive experiments concerning the application of
the lever in all its manifold forms. But the things
that are thus unthinkingly and instinctively discovered,
can never appear as peculiar, can never strike ys as
surprising, and as a rule therefore will never supply an
impetus to further thought.

The func- The transition from this stage to the classified,

tionsof spe- . . .
cial olasses scientific knowledge and apprehension of facts, first be-

i'x;l?pir:?eex;t comes possible on the rise of special classes and pro-
of selence: fossions who make the satisfaction of definite social
wants their lifelong vocation. A class of this sort oc-

cupies itself with particular kinds of natural processes.

The individuals of the class change; old members

drop out, and new ones come in. Thus arises a need

of imparting to those who are newly come in, the

stock of experience and knowledge already possessed ;

a need of acquainting them with the conditions of the

Thecom- attainment of a definite end so that the result may be
%Eﬁs;{? " determined beforehand. The communication of knowl-
' edge is thus the first occasion that compels distinct re-
flection, as everybody can still observe in himsclf.
Further, that which the old members of a guild me-
chanically pursue, strikes a new member as unusual
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and strange, and thus an impulse is given to fresh re-
flection and investigation.
When we wish to bring to the knowledge of a per- ﬁﬁ:ﬁl‘i’;fion.
son any phenomena or processes of nature, we have
the choice of two methods : we may allow the person to
observe matters for himself, when instruction comes
to an end ; or, we may describe to him the phenomena
in some way, sO as to save him the trouble of per-
sonally making anew each experiment. Description,
however, is only possible of events that constantly re-
cur, or of events that are made up of component
parts that constantly recur. That only can be de-
scribed, and conceptually represented which is uniform
and conformable to law; for description presupposes
the. employment of names by which to designate its
elements ; and names can acquire meanings only when
applied to elements that constantly reappear. ]
5. In the'infinite variety of nature many ordinary ':o:'cli?t%n
events occur ; while others appear uncommon, per- of nature.
plexing, astonishing, or even contradictory to the or-
dinary run of things. As long as this is the case we
do not possess a well-settled and unitary conception of
nature. Thence is imposed the task of everywhere
seeking out in the natural phenomena those elements
that are the same, and that amid all multiplicity are
ever present. By this means, on the one hand, the
most economical and briefest description and com-
munication are rendered possible; and on the other, The nature
when once a person has acquired the skill of recog- Sage""
nising these permanent elements throughout the great-
est range and variety of phenomena, of seeing them in
the same, this ability leads to a comprehensive, compact,
consistent, and facile conception of the facts. When once
we have reached the point where we are everywhere



6 THE SCIENCE OF MECHANICS.

The adap- able to detect the same few simple elements, combin-
thoughts to ing in the ordinary manner, then they appear to us as
things that are familiar; we are no longer surprised,
there is nothing new or strange to us in the phenom-
ena, we feel at home with them, they no longer per-
plex us, they are explained. 1tis a process of adaptation
of thoughts to facts with which we are here concerned.
The econ- 6. Economy of communication and of apprehen-
fﬁ%ﬂ;ﬁt, sion is of the very essence of science. Herein lies
its pacificatory, its enlightening, its refining element.
Herein, too, we possess an unerring guide to the his-
torical origin of science. In the beginning, all economy
had in immediate view the satisfaction simply of bodily
wants. With the artisan, and still more so with the
investigator, the concisest and simplest possible knowl-
edge of a given province of natural phenomena—a
knowledge that is attained with the least intellectual
expenditure—naturally becomes in itself an econom-
ical aim ; but though it was at first a means to an end,
when the mental motives connected therewith are once
developed and demand their satisfaction, all thought
of its original purpose, the personal need, disappears.
Further de- L0 find, then, what remains unaltered in the phe-
velopment :
of ;::se nomena of nature, to discover the elements thereof
and the mode of their interconnection and interdepend-
ence—this 1s the business of physical science. It en-
deavors, by comprehensive and thorough description,
to make the waiting for new experiences unnecessary ;
it seeks to save us the trouble of experimentation, by
making use, for example, of the known interdepend-
ence of phenomena, according to which, if one kind of
event occurs, we may be sure beforehand that a certain
other event will occur. Even in the description itself
labor may be saved, by discovering methods of de-
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scribing the greatest possible number of different ob- Their pres-
jects at once and in the concisest manner. All this will s%trxd;rig?;fy
be made clearer by the examination of points of detail preparaiony
than can be done by a general discussion. Itis fitting,
however, to prepare the way, at this stage, for the
most important points of outlook which in the course
of our work we shall have occasion to occupy. i

7. We now propose to enter more minutely into the proposed
subject of our inquiries, and, at the same time, without P .
making the history of mechanics the chief topic of
discussion, to consider its historical development so
far as this is requisite to an understanding of the pres-
ent state of mechanical science, and so far as it does
not conflict with the unity of treatment of our main
subject. Apart from the consideration that we cannot
afford to neglect the great incentives that it is in our
power to derive from the foremost intellects of all Theincen-
epochs, incentives which taken as a whole are more fived from
fruitful than the greatest men of the present day are fﬁ?ﬁﬁe
able to offer, there is no grander, no more intellectually Ficm of the
elevating spectacle than that of the utterances of the"
fundamental investigators in their gigantic power.
Possessed as yet of no methods, for these were first
. created by their labors, and are only rendered compre-
hensible to us by their performances, they grapple with
and subjugate the object of their inquiry, and imprint -
upon it the forms of conceptual thought. They that
know the entire course of the development of science,
will, as a matter of course, judge more freely and And the in-

crease of

more correctly of the significance of any present scien- power
which suc:

tific movement than they, who limited in their VieWSf.contact
ends.

to the age in which their own lives have been spent,
contemplate merely themomentary trend thatthe course

of intellectual events takes at the present moment.



CHAPTER L

THE DEVELOPMENT OF THE PRINCIPLES OF
STATICS.

I.

THE PRINCIPLE OF THE LEVER.

Theearliest ~ I. The earliest investigations concerning mechan-
Hecearches. ics of which we have any account, the investigations
el of the ancient Greeks, related to statics, or to the doc-
trine of equilibrium. Likewise, when after the taking
of Constantinople by the Turks in 1453 a fresh impulse
was imparted to the thought of the Occident by the an-
cient writings that the fugitive Greeks brought with
them, it was investigations in statics, principally evoked
by the works of Archimedes, that occupied the fore-
most investigators of the period. (See p. 510.)
Archimedes 2. ARCHIMEDES of Syracuse (287-212 B. C.) left
of Syracuse . . .. .
(287212 3. behind him a number of writings, of which several
o have come down to us in complete form. We will
first employ ourselves a moment with his treatise De
Aquiponderantibus, which contains propositions re-
specting the lever and the centre of gravity.
In this treatise Archimedes starts from the follow-

ing assumptions, which he regards as self-evident:

Axiomatic a. Magnitudes of equal weight acting at equal
assump- . . . . .
tions of Ar- distances (from their point of support) are in equi-
chimedes.

librium.
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5. Magnitudes of equal weight acting at une- xiomatic
qual distances (from their point of support) are ?i?r;lsmgf Ar
not in equilibrium, but the one acting at the chimedes.
greater distance sinks.

From these assumptions he deduces the following
proposition:

¢. Commensurable magnitudes are in equilib-
rium when they are inversely proportional to their
distances (from the point of support).

It would seem as if analysis could hardly go be-
hind these assumptions. This is, however, when we
carefully look into the matter, not the case.

Imagine (Fig. 2) a bar, the weight of which is
neglected. The bar rests on a fulcrum. At equal dis-
tances from the fulcrum we ap-
pend two equal weights. That
the two weights, thus circum- £ &
stanced, are in equilibrium, is Fig. 2.
the assumption from which Archi- '
medes starts. 'We might suppose that this was self- analysis ot
evident entirely apart from any experience, agreeably to medess as-
the so-called principle of sufficient reason ; that in view **"P%*"
of the symmetry of the entire arrangement there is no
reason why rotation should occur in the one direction
rather than in the other. But we forget, in this, that
a great multitude of negative and positive experiences
is implicitly contained in our assumption ; the negative,
for instance, that dissimilar colors of the lever-arms,
the position of the spectator, an occurrence in the vi-
cinity, and the like, exercise no influence ; the positive,
on the other hand, (as it appears in the second as-
sumption,) that not only the weights but also their dis-
tances from the supporting point are decisive factors
in the disturbance of equilibrium, that they also are cir-
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cumstances determinative of motion. By the aid of
these experiences we do indeed perceive that rest (no
motion) is the only motion which can be uniquely™ de-
termined, or defined, by the determinative conditions
of the case.t

Sharacter Now we are entitled to regard our knowledge of

ind value of .. . -

he archi- the decisive conditions of any phenomenon as sufficient

nedean re- . .. .

alts. only in the event that such conditions determine the
phenomenon precisely and uniquely. Assuming the
fact of experience referred to, that the weights and
their distances a/orze are decisive, the first proposition
of Archimedes really possesses a high degree of evi-
dence and is eminently qualified to be made the foun-
dation of further investigations. If the spectator place
himself in the plane of symmetry of the arrangement
in question, the first proposition manifests itself, more-
over, as a highly imperative Znsfinctive perception,—a
result determined by the symmetry of our own body.
The pursuit of propositions of this character is, fur-
thermore, an excellent means of accustoming ourselves
in thought to the precision that nature reveals in her
processes.

Chegeneral 3. We will now reproduce in general outlines the

he lever train of thought by which Archimedes endeavors to re-

ﬁgg‘iﬁafg duce the general proposition of the lever to the par-

nd partic- . .

lar case. ticular and apparently self-evident case. The two
equal weights 1 suspended at @ and & (Fig. 3) are, if
the bar @4 be free to rotate about its middle point ¢, in
equilibrium. If the whole be suspended by a cord at

¢, the cord, leaving out of account the weight of the

* So as to leave only a single possibility open.

+1f, for example, we were to assume that the weight at the right de-
scended, then rotation in the opposite direction also would be determined by
the spectator, whose person exerts no influence on the phenomenon, taking
up his position on the opposite side.
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bar, will have to support the weight 2. The equal
weights at the extremities of the bar supply accor-
dingly the place of the double weight at the centre.

()

7

Fig. 3. Fig. 4.

On a lever (Fig. 4), the arms of which are in the
proportion of 1 to 2, weights are suspended in the pro-
portion of 2 to 1. The weight 2 we imagine replaced
by two weights 1, attached on either side at a distance
1 from the point of suspension. Now again we have
complete symmetry about the point of suspension, and
consequently equilibrium.

On the lever-arms 3 and 4 (Fig. 5) are suspended
the weights 4 and 3.. The lever-arm 3 is prolonged
the distance 4, the arm 4 is prolonged the distance 3,
and the weights 4 and 3 are replaced respectively by

A\
bt S i T T T T VAN T ™ T T H -,
T I I R R A b 4
[ LIS [ O N O O A A O O |
Fig. 5

4 and 3 pairs of symmetrically attached weights 1,
in the manner indicated in the figure. Now again we

The general
roposition

of the lever -

reduced to
the simple
and partic-
ular case.

have perfect symmetry. The preceding reasoning, The gener-

which we have here developed with specific figures, is
easily generalised.

4. It will be of interest to look at the manner in
which Archimedes’s mode of view, after the precedent
of Stevinus, was modified by GaLiLEO.

alisation.



Galileo’s
mode of
treatment,
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Galileo imagines (Fig. 6) a heavy horizontal prism,
homogeneous in material composition, suspended by
its extremities from a homogeneous bar of the same
length. The bar is provided at its middle point

with a suspensory attach-

m ” m  n ment. In this case equi-
: librium will obtain ; this
we perceive at once. But
in this case is contained
every other case,—which
Galileo shows in the
Fig. 6. following manner. Let

us suppose the whole

length of the bar or the prism to be 2(m 4 #). Cut
the prism in two, in such a manner that one portion
shall have the length 2 and the other the length 2x.
We can effect this without disturbing the equilibrium
by previously fastening to the bar by threads, close to
the point of proposed section, the inside extremities of
the two portions. We may then remove all the threads,
if the two portions of the prism be antecedently at-
tached to the bar by their centres. Since the whole
length of the bar is 2(m -+ #), the length of each half
is m + n. The distance of the point of suspension of
the right-hand portion of the prism from the point of
suspension of the bar is therefore m, and that of the
left-hand portion #z. The experience that we have
here to deal with the weight, and not with the form,
of the bodies, is easily made. It is thus manifest, that
equilibrium will still subsist if azy weight of the mag-
nitude 2z be suspended at the distance » on the one
side and any weight of the magnitude 27z be suspended
at the distance = on the other. The instinctive elements
of our perception of this phenomenon are even more

2m 2n
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prominently displayed in this form of the deduction
‘than in that of Archimedes.

We may discover, moreover, in this beautiful pre-
sentation, a remnant of the ponderousness which was
particularly characteristic of the investigators of an-
tiquity.

How a modern physicist conceived the same prob- Lagrange's
lem, may be learned from the following presentation of Fon
Lacrange. Lagrange says: Imagine a horizontal ho-
mogeneous prism suspended at its centre. Let this
prism (Fig. 7) be conceived divided into two prisms
of the lengths 27 and 2z. If now we consider the
centres of gravity of these two parts, at which we may
imagine weights to act proportional to 2 and 2z, the

2m 2%
C X [ X 1
5 3
Fig. 7.

two centres thus considered will have the distances #
and » from the point of support. This concise dis-
posal of the problem is only possible to the practised
mathematical perception.

5. The object that Archimedes and his successors object of
sought to accomplish in the considerations we have here 2nd his o
presented, consists in the endeavor to reduce the more “***"™
complicated case of the lever to the simpler and ap-
parently self-evident case, to discern the simpler in the
more complicated, or wice versa. In fact, we regard
a phenomenon as explained, when we discover in it
known simpler phenomena.

But surprising as the achievement of Archimedes
and his successors may at the first glance appear to
us, doubts as to the correctness of it, on further reflec-
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Critique of tion, nevertheless spring up. From the mere assump-
their meth- . ey . .
ods. tion of the equilibrium of equal weights at equal dis-
tances is derived the inverse proportionality of weight
and lever-arm ! How is that possible? If we were
unable philosophically and a priori to excogitate the
simple fact of the dependence of equilibrium on weight
and distance, but were obliged to go for z4af result to
experience, in how much less a degree shall we be able,
by speculative methods, to discover the form of this
dependence, the proportionality !
Thestatical As a matter‘ of fact, the éssu_mption that th(—? equi-
volvedin librium-disturbing effect of a weight 2 at the distance
ductions.  Z from the axis of rotation is measured by the product
P.L (the so-called statical moment), is more or less
covertly or tacitly introduced by Archimedes and all
his successors. For when Archimedes substitutes for
a large weight a series of symmetrically arranged pairs
of small weights, which weights extend beyond the point
of support, he employs in this very act the doctrine of
the centre of gravity in its more general form, which is
itself nothing else than the doctrine of the lever in its
more general form. (See Appendix, III., p. 512.)
Without r;;' * Without the assumption above mentioned of th‘e im-
tionis im- port of the product P.Z, no one can prove (Fig. 8)
possible. 3
that a bar, placed 7
° any way on the ful-
crum .S, is supported,
with the help of a
C L , string attached to its
=5 centre of gravity and
carried over a pulley,
by a weight equal to its own weight. But this is con-
tained in the deductions of Archimedes, Stevinus,
Galileo, and also in that of Lagrange.

Fig- 8.
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6. HuvGEens, indeed, reprehends this method, and Huygens's
gives a different deduction, in which he believes he has riticisis.
avoided the error. Ifin o
the presentation of La-
grange we imagine the
two portions into which G
the prism is divided
turned ninety degrees
about two vertical axes 4

\ B
passing through the cen- S\
U

tres of gravity s,s” of the
prism-portions (see Fig.
92), and it be shown
that under these circum-
stances .equilibrium still D
continues to subsist, we Fig. 9.

shall obtain the Huygenian deduction. Abridged
and simplified, it is as follows. In a rigid Welghtless

llIH TR HI’I!NIIH I

TI!IIHHHHI il

plane (Fig. 9) through the point S we draw a straight
line, on which we cut off on the one side the length 1
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Hisownde- and on the other the length 2, at 4 and B respectively.

guction. o . . - .
On the extremities, at right angles to this straight
line, we place, with the centres as points of contact, the
heavy, thin, homogeneous prisms CD and £F, of the
lengths and weights 4 and 2. Drawing the straight
line ZSG (where 4G =1A4C) and, parallel to it, the
line CF, and translating the prism-portion CG by par-
allel displacement to #H, everything about the axis
GH is symmetrical and equilibrium obtains. But
equilibrium also obtains for the axis 4.5 ; obtains con-
sequently for every axis through S, and therefore also
for that at right angles to A8 : wherewith the new
case of the lever is given.

ﬁgg;eeggg_ Apparently, nothing else is assumed here than that

able, equal weights p,p (Fig. 10) in the same plane and at
equal distances /,/ from an axis 44’ (in this plane)
equilibrate one another. If we place ourselves in the
plane passing through 44’ perpendicularly to /,/, say

Yy v
A4
/
2____.
P

- /

/ X
_O}, o
A? Al

Fig. ro. Fig. 11,

at the point A, and look now towards « and now
towards A4', we shall accord to this proposition the
same evidentness as to the first Archimedean proposi-
tion. The relation of things is, moreover, not altered if
we institute with the weights parallel displacements
with respect to the axis, as Huygens in fact does.
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The error first arises in the inference : if equilib- Yet involv-
rium obtains for two axes of the plane, it also obtains e e
for every cther axis passing through the point of inter- ror.
section ot the first two. This inference (if it is not to
be regarded as a purely instinctive one) can be drawn
only upon the condition that disturbant effects are as-
cribed to the weights proportional to their distances
from the axis. But in this is contained the very kernel
of the doctrine of the lever and the centre of gravity.

Let the heavy points of a plane be referred to a
system of rectangular co6rdinates (Fig. 11). The co-
ordinates of the centre of gravity of a system of masses
mm'm” . .. havingthe coérdinatesxx’x” ... 33 3" ...

are, as we know,

Mathemat-
Zmx 27;1)7 iczl discus-
= vy B == e sion of
2m 2 Huygens's
inference.

If we turn the system through the angle «, the new co-
ordinates of the masses will be

X, = x cosa — ysina, y, = y cosa + x sina
and consequently the codrdinates of the centre of
gravity
5 = S (x co;)j”—jv sina) %ﬁ;;c_  sina 227:2)

= & cosa — msina

and, similarly,
7, = nycosa -+ & sina.

‘We accordingly obtain the codrdinates of the new
centre of gravity, by simply transforming the coérdi-
nates of the first centre to the new axes. The centre
of gravity remains therefore zie self-same point. If
we select the centre of .gravity itself as origin, then
Sma=ZZmy=0. On turning the system of axes, this
relation continues to subsist. If, accordingly, equi-
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In the direction here indicated the Archimedean
view certainly remained a serviceable one even after
no one longer entertained any doubt of the significance
of the product 2.Z, and after opinion on this point had
been established historically and by abundant verifica-
tion. (See Appendix, IV., p. 514.)

eatment 7. The manner in which the laws of the lever, as
modern handed down to us from Archimedes in their original
ysicists. . -
simple form, were further generalised and treated by
modern physicists, is very interesting and instructive.
LEONARDO DA VINCI (I452-1519), the famous painter
and investigator, appears to have been the first to rec-
ognise the importance of the general notion of the so-

B

4

o, ©

, Fig. 13.
onardo called statical moments. In the manuscripts he has
sz1510). left us, several passages are found from which this
clearly appears. He says, for example: We have a
bar 4D (Fig. 13) free to rotate about 4, and suspended
from the bar a weight 7, and suspended from a string
which passes over a pulley a second weight (. What
must be the ratio of the forces that equilibrium may ob-
tain? The lever-arm for the weight 2 is not 4.0, but
the < potential” lever 4B. The lever-arm for the
weight Q is not 4D, but the ¢ potential” lever 4C.
The method by which Leonardo arrived at this view
is difficult to discover. But it is clear that he recog-
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nised the essential circumstances by which the effect
of the weight is determined.

Considerations similar to those of Leonardo da Guido,
Vinci are also found in the writings of Guipo UBaLpI.

8. We will now endeavor to obtain some idea of
the way in which the notion of statical moment, by
which as we know is understood the product of a force
into the perpendicular let fall from the axis of rotation
upon the line of direction of the force, could have been
arrived at,—although the way that really led to this
idea is not now fully ascertainable. That equilibrium
exists (Fig. 14) if we lay a
cord,subjected at both sides £
to equal tensions, over a
pulley, is perceived without
difficulty. We shall always
find a plane of symmetry for
the apparatus—the plane
which stands atrightangles Fig. 14.
to the plane of the cord and bisects (Z.£) the angle made

by its two parts. The motion that might be supposedﬁ.m%t_hcﬁd
y whic!

possible cannot in this case be precisely determined or the notion
. . o e stat-
defined by any rule whatsoever : no motion will there- ical mo-
ment might

fore take place. If we note, now, further, that the mate- have been
rial of which the pulley is made is essential only to the arrived at.
extent of determining the form of motion of the points
of application of the strings, we shall likewise readily
perceive that almost any portion of the pulley may
be removed without disturbing the equilibrium of
the machine. The rigid radii that lead out to the tan-
gential points of the string, are alone essential. We
see, thus, that the rigid radii (or the perpendiculars on
the linear directions of the strings) play here a part
similar to the lever-arms in the lever of Archimedes.
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Thisnotion ~ Let us examine a so-called wheel and axle (Fig.
derived . . .

from the 15) of wheel-radius 2 and axle-radius 1, provided re-
considera- . .

ton of a spectively with the cord-hung loads 1 and 2; an appa-
wheer ana . .

axle. ratus which corresponds in every respect to the lever

of Archimedes. If now we place about the axle, in
any manner we may choose, a second cord, which we
subject at each side to the tension of a weight 2, the
second cord will not disturb the equilibrium. It is
plain, however, that we are also permitted to regard

1
Fig. 15. . Fig. 16. )

the two pulls marked in Fig. 16 as being in equilib-
rium, by leaving the two others, as mutually destruc-
tive, out of account. But we arrive in so doing, dis-
missing from consideration all unessential features, at
the perception that not only the pulls exerted by the
weights but also the perpendiculars let fall from the
axis on the lines of the pulls, are conditions deter-
minative of motion. The decisive factors are, then,
the products of the weights into the respective per-
pendiculars let fall from the axis on the directions of
the pulls; in other words, the so-called statical mo-
ments.

The princi- 9. What we have so far considered, is the devel-

le of th ..
Fover all. opment of our knowledge of the principle of the lever.

fici .. .
Sxplain the Quite independently of this was developed the knowl-

Shiea™ edge' of the principle of the inclined plane. It is not

necessary, however, for the comprehension of the ma-
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chines, to search after a new principle beyond that of
the lever ; for the latter is sufficient by itself. Galileo,
for example, explains the inclined plane from the lever
in the following manner.
We have before us (F:ig.
17) an inclined plane, on
which rests the weight
Q, held in equilibrium
by the weight 2. Gali- «
leo, now, points out the Fig. 17.

fact, that it is not requisite that Q should lie directly

upon the inclined plane, but that the essential point

is rather the form, or character, of the motion

of Q. We may, consequently, conceive the weight
attached to the bar 4 C, perpendicular to the inclined

plane, and rotatable about C. If then we institute ag{aggic;tsion
very slight rotation about the point C, the weight wil] .
move in the element of an arc coincident with the in- plane by
clined plane. That the path assumes a curve on the

motion being continued is of no consequence here,

since this further movement does not in the case of
equilibrium take place, and the movement of the in-

stant alone is decisive. Reverting, however, to the
observation before mentioned of Leonardo da Vinci,

we readily perceive the validity of the theorem Q.C5B

=P .CA or Q/P= CA/CB=ca/cb, and thus reach

‘the law of equilibrium on the inclined plane. Once we

have reached the principle of the lever, we may, then,

easily apply that principle to the comprehension of

the other machines.

C—58
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II.
THE PRINCIPLE OF THE INCLINED PLANE.

1. STEVINUS, or STEVIN, (1548-1620) was the first
who investigated the mechanical properties of the in-

mechanics clined plane; and he did so in an eminently original

of the in-
clined
plane,

Hismode of
reaching its

law.

manner. If a weight lie (Fig.

18) on a horizontal table, we

perceive at once, since the

pressure is directly perpendic-

ular to the plane of the table,

by the principle of symmaetry,

Fig. 18. that equilibrium subsists. Ona

vertical wall, on the other hand, a weight is not at all

obstructed in its motion of descent. The inclined plane

accordingly will present an intermediate case between

these two limiting suppositions. Equilibrium will not

exist of itself, as it does on the horizontal support, but

it will be maintained by a less weight than that neces-

sary to preserve it on the vertical wall. The ascertain-

ment of the statical law that obtains in this case, caused
the earlier inquirers considerable difficulty.

Stevinus’s manner of procedure is in substance as
follows. He imagines a triangular prism with horizon-
tally placed edges, a cross-section of which 45C is
represented in Fig. 19. For the sake of illustration
we will say that 48 = 2B8C; also that 4C is horizon-
tal. Over this prism Stevinus lays an endless string
on which 14 balls of equal weight are strung and tied
at equal distances apart. We can advantageously re-
place this string by an endless uniform chain or cord.
The chain will either be in equilibrium or it will not.
If we assume the latter to be the case, the chain, since



THE PRINCIPLES OF STATICS. 25

the conditions of the event are not altered by its mo-

tion, must, when once actually in motion, continue to

move for ever, that is, it must present a perpetual mo-

tion, which Stevinus deems absurd. Consequently only stevinus's
the first case is conceivable. The chainremains in equi- 5fohe ion
librium. The symmetrical portion 4DC may, there- g™
fore, without disturbing the equilibrium, be removed. ?'***
The portion 4B of the chain consequently balances

the portion BC. Hence: on inclined planes of equal
heights equal weights act in the inverse proportion of

the lengths of the planes.

‘B
A7

3
3
D
@e
N
*:;
b

X
(

In the cross-section of the prism in Fig. 20 let us
imagine 4 C horizontal, BC vertical, and 48 =25C;
furthermore, the chain-weights Q and 2 on 45 and
BC proportional to the lengths ; it will follow then that



The as-
sumptions
of Stevi-
nus’s de-
duction.

Their in-
stinctive
character.

Their cog-
. ency.
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Q/P=AB/BC=2. The generalisation is self-evi-
dent.

2. Unquestionably in the assumption from which
Stevinus starts, that the endless chain does not move.
there is contained primarily only a purely instinctive
cognition. He feels at once, and we with him, that
we have never observed anything like a motion of the
kind referred to, that a thing of such a character does
not exist. This conviction has so much logical cogency
that we accept the conclusion drawn from it respecting
the law of equilibrium on the inclined plane without the
thought of an objection, although the law if presented

- as the simple result of experiment, or otherwise put,

would appear dubious. We cannot be surprised at this
when we reflect that all results of experiment are ob-
scured by adventitious circumstances (as friction, etc.),
and that every conjecture as to the conditions which are
determinative in a given case is liable to error. That
Stevinus ascribes to instinctive knowledge of this sort
a higher authority than to simple, manifest, direct ob-
servation might excite in us astonishment if we did not
ourselves possess the same inclination. The question
accordingly forces itself upon us: Whence does this
higher authority come ? If we remember that scientific
demonstration, and scientific criticism generally can
only have sprung from the consciousness of the individ-
ual fallibility of investigators, the explanation is not far
to seek. We feel clearly, that we ourselves have con-
tributed nothing to the creation of instinctive knowl-
edge, that we have added to it nothing arbitrarily, but
that it exists in absolute independence of our partici-
pation. Our mistrust of our own subjective interpre-
tation of the facts observed, is thus dissipated.
Stevinus’s deduction is one of the rarest fossil in-
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dications that we possess in the primitive history of Highhistor.

: . ical value of
mechanics, and throws a wonderful light on the pro- Sterinus's
cess of the formation of science generally, on its rise

from instinctive knowledge. We will recall to mind

that Archimedes pursued exactly the same tendency

as Stevinus, only with much less good fortune. In

later times, also, instinctive knowledge is very fre-
quently taken as the starting-point of investigations.

Every experimenter can daily observe in his own per-

son the guidance that instinctive knowledge furnishes

him. If he succeeds in abstractly formulating what

is contained in it, he will as a rule have made an im-
portant advance in science.

Stevinus’s procedure is no error. If an error were The trust-
contained in it, we should all share it. Indeed, it is X_Vf°§§1§:‘i’§f§.s
perfectly certain, that the union of the strongest in- E‘Egee‘.‘“w‘
stinct with the greatest power of abstract formulation
alone constitutes the great natural inquirer. This by
no means compels us, however, to create a new mysti-
cism out of the instinctive in science and to regard this
factor as infallible. That it is not infallible, we very
easily discover. Even instinctive knowledge of so
great logical force as the principle of symmetry em-
ployed by Archimedes, may lead us astray. Many of
my readers will recall to mind, perhaps, the intellectual
shock they experienced when they heard for the first
time that a magnetic needle lying in the magnetic
meridian is deflected in a definite direction away from
the meridian by a wire conducting a current being car-
ried along in a parallel direction above it. The instinc-
tive is just as fallible as the distinctly conscipus. Itsonly
value is in provinces with which we are very familiar.

Let us rather put to ourselves, in preference to
pursuing mystical speculations on this subject, the
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The origin question : Ho?v does instinctive kno'wledg(? originate

ziggeel:mowl- and what are 1ts. contents? Everything which we ob-
serve in nature imprints itself wncompreiended and un-
analysed in our percepts and ideas, which, then, in their
turn, mimic the processes of nature in their most gen-
eral and most striking features. In these accumulated
experiences we possess a treasure-store which is ever
close at hand and of which only the smallest portion
is embodied in clear articulate thought. The circum-
stance that it is far easier to resort to these experi-
ences than it is to nature herself, and that they are,
notwithstanding this, free, in the sense indicated, from
all subjectivity, invests them with a high value. It
is a peculiar property of instinctive knowledge that it
is predominantly of a negative nature. We cannot so
well say what must happen as we can what cannot hap-
pen, since the latter alone stands in glaring contrast to
the obscure mass of experience in us in which single
characters are not distinguished.

Instinctive Still, great as the importance of instinctive knowl-

knowledge .
and extern- edge may be, for discovery, we must not, from our

al realities . . . ., .
mutually point of view, rest content with the recognition of its

Sach acher. authority. We must inquire, on the contrary: Under
what conditions could the instinctive knowledge in
question have originated? We then ordinarily find that
the very principle to establish which we had recourse
to instinctive knowledge, constitutes in its turn the fun-
damental condition of the origin of that knowledge.
And this is quite obvious and natural. Our instinctive
knowledge leads us to the principle which explains that
knowledge itself, and which is in its turn also corrobo-
rated by the existence of that knowledge, which is a
separate fact by itself. This we will find on close ex-
amination is the state of things in Stevinus’s case.
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3. The reasoning of Stevinus impresses us as so The ingen-
highly ingenious because the result at which he arrives 3:31225;::1
apparently contains more than the assumption from somne:
which he starts. While on the one hand, to avoid con-
tradictions, we are constrained to let the result pass, on
the other an incentive remains which impels us to seek
further insight. If Stevinus had distinctly set forth
the entire fact in all its aspects, as Galileo subsequently
did, his reasoning would no longer strike us as ingen-
ious ; but we should have obtained a much more satis-
factory and clear insight into the matter. In the
endless chain which does not glide upon the prism, is
contained, in fact, everything. We might say, the
chain does not glide because no sinking of heavy bodies
takes place here. This would not be accurate, how-
ever, for when the chain moves many of its links really
do descend, while others rise in their place. 'We must
say, therefore, more accurately, the chain does not
glide because for every body that could possibly de- Critique vt
scend an equally heavy body would have to ascend deduction.
equally high, or a body of double the weight half the
height, and so on. This fact was familiar to Stevinus,
who presented it, indeed, in his theory of pulleys;
but he was plainly too distrustful of himself to lay
down the law, without additional support, as also valid
for the inclined plane. But if such a law did not exist
universally, our instinctive knowledge respecting the
endless chain could never have originated. With this
our minds are completely enlightened.—The fact that
Stevinus did not go as far as this in his reasoning and
rested content with bringing his (indirectly discovered)
ideas into agreement with his instinctive thought, need
not further disturb us. (See p. 515.)

" The service which Stevinus renders himself and his
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Themerit readers, consists, therefore, in the contrast and com-

of Stevi- . .. . . .

nus's proce- PATison of knowledge that is instinctive with knowledge

ure. - . . . . .
that is clear, in the bringing the two into connection

and accord with one another, and in the supporting

Fig. 21,

the one upon the other. The strengthening of mental
view which Stevinus acquired by this procedure, we
learn from the fact that a picture of the endless chain
and the prism graces as vignette, with the inscription
‘“Wonder en is gheen wonder,” the title-page of his
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work Hypomnemata Mathematica (Leyden, 1605).* As Enlighten-

ment in

a fact, every enlightening progress made in science is science al-
ways ac-

accompanied with a certain feeling of disillusionment. companied
We discover that that which appeared wonderful to Sonment.
us is no more wonderful than other things which we

know instinctively and regard as self-evident; nay,

that the contrary would be much more wonderful ; that
everywhere the same fact expresses itself. Our puzzle

turns out then to be a puzzle no more ; it vanishes into
nothingness, and takes its place.among the shadows

of history.

4. After he had arrived at the principle of the in- Explana-

tion of the

. . . on of the
clined plane, it was easy for Stevinus to apply that other ma-

principle to the other machines and to explain by it Stevinus’s
their action. He makes, for example, the following principle.
application.

We have, let us suppose, an inclined plane (Fig.
22) and on it aload Q. We pass a string over the
pulley 4 at the summit and imagine the load Q held in
equilibrium by the load 2.
Stevinus,now, proceeds by
a method similar to that
later taken by Galileo. He
remarks that it is not ne-
cessary that the load Q
should lie directly on the
inclined plane. Provided Fig. 22
only the form of the machine’s motion be preserved, the
proportion between force and load will in all cases re-
main the same. We may therefore equally well conceive
the load Q to be attached to a properly weighted string
passing over a pulley 2. which string is normal to the

*The title given is that of Willebrord Snell's Latin translation (1608) of
Simon Stevin's Wisconstige Gedachtenissen, Leyden, 1605.—Trans.,
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ger;gzcrgﬁ;ginclined plane. If we carry out this -alteration, we
shall have a so-called funicular machine. We now
perceive that we can ascertain very easily the portion
of weight with which the body on the inclined plane
tends downwards. We have only to draw a vertical
line and to cut off on it a portion @& corresponding to
the load Q. Then drawing on ¢4 the perpendicular
bc, we have P/Q=AC/AB = ac/ab. Therefore ac
represents the tension of the string e4. Nothing pre-
vents us, now, from making the two strings change
g;edcit;llecase functions and from imagining th'e l.oad Q to lie on the
fefltgzgerg;rilg dotted inclined plane EDZF. Similarly, here, we ob-
forces.  tain ed for the tension of the second string. In this
manner, accordingly, Stevinus indirectly arrives at a
knowledge of the statical relations of the funicular
machine and of the so-called parallelogram of forces; at
first, of course, only for the particular case of strings
(or forces) ac, ad at right angles to one another.
Thegeneral ~ Subsequently, indeed, Stevinus employs the prin-

form of the . .. . .
last-men-  ciple of the composition and resolution of forces in
tioned prin- .
ciplealso 2 more general form ; yet the method by which he
employed.

Fig. 23. Fig. 24.
reached the principle, is not very clear, or at least is
not obvious. He remarks, for example, that if we
have three strings 4B, 4AC, 4D, stretched at any
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given angles, and the weight 2 is suspended from the
first, the tensions may be determined in the following
manner. We produce (Fig. 23) 48 to X and cut off
on it a portion 4Z. Drawing from the point £, £F
parallel to 4.0 and £G paral-
lel to 4, the tensions of 425,
AC, AD are respectively pro-
portional to AE, AF, AG.
‘With the assistance of this

principle of construction Ste- O
vinus solves highly compli- Fig. 25.
cated problems. He determines, for instance, the solution of

tensions of a system of ramifying strings like thatgi?ce:zggm'

illustrated in Fig. 24; in doing which of course he problems.
starts from the given tension of the vertical string.

The relations of the tensions of a funicular polygon
are likewise ascertained by construction, in the man-
ner indicated in Fig. 23.

‘We may therefore, by means of the principle of the General re-
inclined plane, seek to elucidate the conditions of op- sult-
eration of the other simple machines, in a manner sim-
ilar to that which we employed in the case of the prin-
ciple of the lever.

III.
THE PRINCIPLE OF THE COMPOSITION OF FORCES.

1. The principle of the parallelogram of forces, at The princi-
which SteviNUs arrived and employed, (yet without ex- E‘:rfuéi‘f.
pressly formulating it,) consists, as we know, of the forces
following truth. If a body 4 (Fig. 26) is acted upon
by two forces whose directions coincide with the lines
AB and 4 C, and whose magnitudes are proportional to

the lengths 4.8 and 4 C, these two forces produce the
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same effect as a single force,‘ which acts in the direction
of the diagonal 4D of the parallelogram 4B8CD and is
proportional to that diagonal. For instance, if on the

A

B

Fig. 26.

strings A8, AC weights
exactly proportional to the
lengths 4B, AC be sup-
posed to act, a single
weight acting on the string
A Dexactly proportional to

the length 4.0 will produce the same effect as the first
two. The forces 48 and AC are called the compo-
nents, the force 4D the resultant. It is furthermore
obvious, that conversely, a single force is replaceable
by two or several other forces.

2. We shall now endeavor, in connection with the
general no- investigations of Stevinus, to give ourselves some idea

u

X

L

Fig. 27.

of the manner in which the
general proposition of the
parallelogram of forces
might have been arrived
at. The relation,—dis-
covered by Stevinus,—
that exists between two
mutually  perpendicular
forces and a third force
that equilibrates them, we
shall assume as (indi-
rectly) given. We sup-
pose now (Fig. 27) that
there act on three strings
0X, 0Y, 0Z, pulls which

balance each other. Let us endeavor to determine the
nature of these pulls. Each pull holds the two remain-
ing ones in equilibrium. The pull 0¥ we will replace
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(following Stevinus’s principle) by two new rectangular The deduc.
10mn

pulls, one in the direction Oz (the prolongation of general
0X), and one at right angles thereto in the direction ?rr;?nc_ltrk’lf
Ov. And let us similarly resolve the pull OZ in the Fievinus.
directions Oz and Ow. The sum of the pulls in the di-
rection O, then, must balance the pull OX, and the

two pulls in the directions Oz and Ow must mutually
destroy each other. Taking the two latter as equal

and opposite, and representing them by O and Oz,

we determine coincidently with the operation the com-
ponents Op and Og parallel to Oz, as well also as the

pulls Or, Os. Now the sum Op -+ Og is equal and op-

posite to the pull in the direction of OX; and if we

draw sz parallel to O, or 7 parallel to OZ, either line

will cut off the portion Of = 0p -} Og : with which re-

sult the general principle of the parallelogram of forces

is reached.

The general case of composition may be deduced a different
in still another way from the special composition of iﬁg gene
rectangular forces. Let OA4 and OB be the two forces duction.
acting at O. For OB substitute
a force OC acting parallel to 9__C 4 _E
04 and a force OD acting at
right angles to O4. There
then act for O4 and OB the D B F
two forces OF = 04 + OC Fig. 28.
and 0D, the resultant of which forces OF is at the same
time the diagonal of the parallelogram OAFZB con-
structed on 04 and OBF as sides.

3. The principle of the parallelogram of forces, The prin-

. .~ ciple here
when reached by the method of Stevinus, presents it- presents it-
. . . .y . sell as an
self as an ndirect discovery. It is exhibited as a con- indirect
.. discovery.
sequence and as the condition of known facts. We

perceive, however, merely that it does exist, not, as yet
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why it exists; that is, we cannot reduce it (as in dy-
namics) to still simpler propositions. In statics, in-
deed, the principle was not fully admitted until the
time of Varignon, when dynamics, which leads directly
to the principle, was already so far advanced that its
adoption therefrom presented no difficulties. The prin-
ciple of the parallelogram of forces was first clearly
enunciated by NEWTON in his Principles of Natural Phi-
losophy. In the same year, VARIGNON, independently of
Newton, also enunciated the principle, in a work sub-
mitted to the Paris Academy (but not published un-
til after its author’s death), and made, by the aid of a
geometrical theorem, extended practical application
of it.*

The geometrical theorem referred to is this. If we
consider (Fig. 29) a parallelogram the sides of which
are p and ¢, and the diagonal is 7, and from any point m

in the plane of the par-

0 allelogram we draw per-
‘b pendiculars on these
L4 three straight lines,
which perpendiculars

we will designate as

u, v, w, then p.u -+
¢g.v = r.w. This is
easily proved by draw-

Fig. 29. Fig. 30. ing straight lines from
to the extremities of the diagonal and of the sides of
the parallelogram, and considering the areas of the
triangles thus formed, which are equal to the halves
of the products specified. If the point m be taken
within the parallelogram and perpendiculars then be

* In the same year, 1687, Father Bernard Lami published a little appendix
to his Traité de méchanique, developing the same principle.— 7rans,
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drawn, the theorem passes into the form p.z —g.2
=7.w. Finally, if m# be taken on the diagonal and
perpendiculars again be drawn, we shall get, since the
perpendicular let fall on the diagonal is now zero,
pu—g.v=00rp.u=yq.0.

With the assistance of the observation that forces The dedue-

are proportional to the motions produced by them in "™
equal intervals of time, Varignon easily advances from
the composition of motions to the composition of forces.
Forces, which acting at a point are represented in
magnitude and direction by the sides of a parallelo-
gram, are replaceable by a single force, similarly rep-
resented by the diagonal of that parallelogram.

If now, in the parallelogram considered, p and ¢ momentsot
represent the concurrent forces (the components) and 7
the force competent to take their place (the resultant),
then the products pz, ¢o, »v are called the moments
of these forces with respect to the point 7. If the point
m lie in the direction of the resultant, the two moments
pu and gv are with respect to it equal to each other.

4. With the assistance of this principle Varignon is varignon's
now in a position to treat of the sim-
the machines in ‘a much
simpler manner than were
his predecessors. Let us
consider, for example,
(Fig. 31) a rigid body
capable of rotation about
an axis passing through
O. Perpendicular to the
axis we conceive a plane,
and select therein two
points 4, B, on which two forces £ and Q in the plane
are supposed to act. We recognise with Varignon

ple ma-
chines.

Fig. 31.
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that the effect of the forces is not altered if their points
of application be displaced along their line of action,
since all points in the same direction are rigidly con-
nected with one another and each one presses and pulls
the other. We may, accordingly, suppose 2 applied
at any point in the direction 4X, and Q at any point
in the direction BY, consequently also at their point
of intersection M. With the forces as displaced to 4/,
then, we construct a parallelogram, and replace the
forces by their resultant. We have now to do only
with the effect of the latter. If it act only on movable
points, equilibrium will not obtain. If, however, the
direction of its action pass through the axis, through
the point O, which is not movable, no motion can take
place and equilibrium will obtain. In the latter case
O is a point on the resultant, and if we drop the per-
pendiculars # and » from O on the directions of the
forces p, ¢, we shall have, in conformity with the the-
orem before mentioned, p.u#=g¢.2. With this we
have deduced the law of the lever from the principle
of the parallelogram of forces.

Varignon explains in like manner a number of other
cases of equilibrium by the equilibration of the result-
ant force by some obstacle or restraint. On the in-
clined plane, for example, equilibrium exists if the re-
sultant is found to be at right angles to the plane. In
fact, Varignon rests statics in its entirety on a dynamic
foundation ; to his mind, it is but a special case of dy-
namics. The more general dynamical case constantly
hovers before him and he restricts himself in his inves-
tigation voluntarily to the case of equilibrium. We
are confronted here with a dynamical statics, such
as was possible only after the researches of Galileo.
Incidentally, it may be remarked, that from Varignon
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is derived the majority of the theorems and methods
of presentation which make up the statics of modern
elementary text-books.

5. As we have already seen, purely statical consid- Special

. .. statical con-
erations also lead to the proposition of the parallel- siderations

ogram of forces. In special cases, in fact, the principle ?klxseorzgit-l h
admits of being very easily verified. We recognise at cipte:
once, for instance, that any number whatsoever of equal
forces acting (by pull or pressure) in the same plane at
a point, around which their suc-
cessive lines make equal angles,
are in equilibrium. If, for exam- 4
ple, (Fig. 32) the three equal
forces 04, OB, OC act on the
point O at angles of 120° each
two of the forces holds the third
in equilibrium. We see imme-
diately that the resultant of 04 Fig. s2.
and ORB is equal and opposite to OC. Itis represented
by OD and is at the same time the diagonal of the
parallelogram O4.D2ZB, which readily follows from the
fact that the radius of a circle is also the side of the
hexagon included by it.

6. If the concurrent forces act in the same or in The case of

. . . - coincident
opposite directions, the resultant is equal to the sum forees

. merely a
or the difference of the particaiar
case of the

components. We rec- 0 4 general
- - , rinciple.

ognise both cases with- B B ¢ C prnew

out any difficulty as
particular cases of the
principle of the paral-
lelogram of forces. If in the two drawings of Fig. 33
we imagine the angle 408 to be gradually reduced
to the value 0° and the angle 4" 0’ B’ increased to the

o’ A’

Fig. 33.
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. value 180° we shall perceive that OC passesinto 04 +
AC=04 +O0Band O' C'into O 4" — 4" C' =04’
— O' B'. The principle of the parallelogram of forces
includes, accordingly, propositions which are generally
made to precede it as independent theorems.
The princi- 7. The principle of the parallelogram of forces, in
g,iteic?nlléz?o. the form in which it was set forth by Newton and
rel;:grieggé. Varignon, clearly discloses itself as a proposition de-
rived from experience. A point acted on by two forces
describes with accelerations proportional to the forces
two mutually independent motions. On this fact the
parallelogram construction is based. DaNieL BEr-
NOULLI, however, was of opinion that the proposition of
the parallelogram of forces was a geometrical truth, in-
dependent of physical experience. And he attempted
to furnish for it a geometrical demonstration, the chief"
features of which we shall here take into consideration,
as the Bernoullian view has not, even at the present
day, entirely disappeared.
Daniel Ber-  If two equal forces, at right angles to each other

li's at- 0. )
tompted " (Fig. 34), act on a point, there can be no doubt, ac-

Sermonsira 0 cording to Bernoulli, that the line
a4 7 of bisection of the angle (con-
qi 7 formably to the principle of sym-
P » ~metry) is the direction of the re-
sultant ». To determine geomet-
rically also the magnitude of the

I

resultant, each of the forces p is
Fig 3. decomposed into two equal forces
¢, parallel and perpendicular to ». The relation in
respect of magnitude thus produced between # and ¢
is consequently the same as that between » and p. We
have, accordingly:
p=M.gand » = u. p; whence » = u2g.
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Since, however, the forces ¢ acting at right angles
to » destroy each other, while those parallel to » con-
stitute the resultant, it further follows that

7 =2g; hence u=1/2, and » =1/2. 5.

The resultant, therefore, is represented also in re-
spect of magnitude by the diagonal of the square con-
structed on p as side.

Similarly, the magnitude may be determined of the The case of
resultant of unequal rectangular components. Here, }]:;%‘;Zlular
however, nothing is known before- : components
hand concerning the direction of “«
the resultant ». If we decompose P
the components p, ¢ (Fig. 35), # v
parallel and perpendicular to the
yet undetermined direction 7, into ' X Y
the forces #, s and oz, ¢, the new
forces will form with the compo-
nents p, ¢ the same angles that g,
¢ form with ». From which fact the following relations
in respect of magnitude are determined:

1_—_gandlzz, 1:»‘?—and%=%,

/4

v
Fig. 35.

p u g v 9
from which two latter equations follows s = # = pg /.
On the other hand, however,
2’97 e
r=1u - v:-;—--l——r-or r2=p2 4+ g2.

The diagorial of the rectangle constructed on p and
g represents accordingly the magnitude of the result-
ant.

Therefore, for all rthombs, the dzrection of the re- General re-
sultant is determined ; for all rectangles, the magni- sults:
tude; and for squares both magnitude and direction.
Bernoulli then solves the problem of substituting for
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two equal forces acting at one given angle, other equal,
equivalent forces acting at a different angle ; and finally
arrives by circumstantial considerations, not wholly
exempt from mathematical objections, but amended
later by Poisson, at the general principle.

Critlque of 8. Let us now examine the physical aspect o.f this

method.  question. As a proposition derived from experience,
the principle of the parallelogram of forces was already
known to Bernoulli. What Bernoulli really does, there-
fore, is to simulate towards himself a compleie ignorance
of the proposition and then attempt to philosophise
it abstractly out of the fewest possible assumptions.
Such work is by no means devoid of meaning and pur-
pose. On the contrary, we discover by such proce-
dures, how few and how imperceptible the experiences
are that suffice to supply a principle. Only we must
not deceive ourselves, as Bernoulli did ; we must keep
before our minds a// the assumptions, and should over-
look no experience which we involuntarily employ.
What are the assumptions, then, contained in Bernoul-
Ii’s deduction?

Theass . 9. Statics, primarily, is acquainted with force only

sumptions N
oihicde- as a pull or a pressure, that from whatever source it

%3ggogﬁoge?may come always admits of being replaced by the pull
CXPEFIEnC® or the pressure of a weight. All forces thus may be re-
garded as quantities of the same kind and be measured
by weights. Experience further instructs us, that the
particular factor of a force which is determinative of
equilibrium or determinative of motion, is contained
not only in the magnitude of the force but also in its
direction, which is made known by the direction of the
resulting motion, by the direction of a stretched cord,
or in some like manner. We may ascribe magnitude
indeed to other things given in physical experience,
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such as temperature, potential function, but not direc-
tion. The fact that both magnitude and direction are
determinative in the efficiency of a force impressed on
a point is an important though it may be an unob-
trusive experience.

Granting, then, that the magnitude and direction Magnitude
of forces impressed on a point elone are decisive, it will ?igqg_nlgesccﬁe
be perceived that two equal and opposite forces, as they faciore.
cannot wniquely and precisely determine azy motion,
are in equilibrium. So, also, at
right angles to its direction, a
force p is unable uniquely to de-
termine a motional effect. But
if a force p 1s inclined at an an-
gle to another direction ss" (Fig. /
36), it /s able to determine a mo-
tion in that direction. Yet ex-
perience alone can inform us,
that the motion is determined in the direction of s's
and not in that of ss"; that is to say, in the direction
of the side of the acuze angle or in the direction of the
projection of p on s's.

Now this latter experience is made use of by Ber- Theegecsof
noulli at the very start. The sense, namely, of the re- A
sultant of two equal forces acting at right angles to one 2;‘},25?;29,
another is obtainable only on the ground of this expe-
rience. From the principle of symmetry follows only,
that the resultant falls in the plane of the forces and
coincides with the line of bisection of the angle, not
however that it falls in the acwfe angle. But if we sur-
render this latter determination, our whole proof is ex-
ploded before it is begun.

10. If, now, we have reached the conviction that
our knowledge of the effect of the direction of a force is

s’ 3
Fig. 36.
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Soalso solely obtainable from experience, still less then shall
must the

Jorm of the We believe it in our power t(? ascertain by any other way
thus de- the form of this effect. It is utterly out of our power,
’ to divine, that a force p acts in a direction s that makes
with its own direction the angle a, exactly as a force
p cosa in the direction 5 ; a statement equivalent to the
proposition of the parallelogram of forces. Nor was
it in Bernoulli’s power to do this. Nevertheless, he
makes use, scarcely perceptible it is true, of expe-
riences that involve by implication this very mathe-
matical fact.
The man- A person already familiar with the composition
which It)'r_le and resolution of forces is well aware that several forces
tions men- acting at a point are, as regards their effect, replaceable,
into Ber- in every respect and in every direction, by a single force.
duction.  This knowledge, in Bernoulli’s mode of proof, is ex-
‘ pressed in the fact that the forces p, ¢ are regarded as
absolutely qualified to replace in all respects the forces -
s, wand ¢, v, as well in the direction of » as in every
other direction. Similarly 7 is regarded as the equiv-
alent of p and g. It is further assumed as wholly in-
different, whether we estimate s, #, 7,  first in the
directions of g, ¢, and then g, ¢ in the direction of r, or
s, #, ¢, v be estimated directly and from the outset in
the direction of ». But this is something that a person
only can know who has antecedently acquired a very
extensive experience concerning the composition and
resolution of forces. We reach most simply the knowl-
edge of the fact referred to, by starting from the knowl-
edge of another fact, namely that a force p actsin a
direction making with its own an angle a, with an effect
equivalent to p.cosa. As a fact, this is the way the
perception of the truth was reached.

Let the coplanar forces 2, P’, P". .. be applied to
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one and the same point at the angles @, &', &” . . . with Mathemat-
. . . ical analy-
a given direction X. These forces, let us suppose, aress of the

replaceable by a single force II, which makes with X Thetracand
an angle i By the familiar principle we have then assumptien
ZPcosa = II cospu.
If IT is still to remain the substitute of this system of
forces, whatever direction X may take on the system
being turned through any angle &, we shall further
have
ZPcos(a+ & = IIcos(u-+ 6),
or .
(ZPcosa—Ilcosu)cosd— (2 Psina — I sinu) sind =0.
If we put
ZPcosa — Icosp =4,
— (SPsina — IIsiny) = B,

tanr =§—,

it follows that
A cosé + Bsind =142 + B2 sin (6 + 7) =0,
which equation can subsist for ezery & only on the con-
dition that
A =ZPcosa — ITcospu=20
and
B = (2 Psina — IIsiny) =0;
whence results
IT cosp = ZPcosa
IIsiny = ZPsina.
From these equations follow for IT and u the deter-
minate values \

II =V [(ZPsina)? + (SPcosa)?]

and
ZPsinx

M= S Pcosar
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Granting, therefore, that the effect of a force inevery
direction can be measured by its projection on that di-
rection, then truly every system of forces acting at a
point is replaceable by a single force, determinate in
magnitude and direction. Thisreasoning does not hold,
however, if we put in the place of cos @ any general func-
tion of an angle, @ («). Yet if this be done, and we still
regard the resultant as determinate, we shall obtain for
@ (a), as may be seen, for example, from Poisson’s
deduction, the form cosa. The experience that several
forces acting at a point are always, in every respect,
replaceable by a single force, is therefore matlemar-
ically equivalent to the principle of the parallelogram
of forces or to the principle of projection. The prin-
ciple of the parallelogram or of projection is, how-
ever, much easier reached by observation than the
more general experience above mentioned by statical
observations. And as a fact, the principle of the par-
allelogram was reached earlier. It would require in-
deed an almost superhuman power of perception to
deduce mathematically, without the guidance of any
further knowledge of the actual conditions of the ques-
tion, the principle of the parallelogram from the gen-
eral principle of the equivalence of several forces to a
single one. We criticise accordingly in the deduction
of Bernoulli this, that that which is easier to observe
is reduced to that which is more difficult to observe.
This is a violation of the economy of science. Bernoulli
is also deceived in imagining that he does not proceed
from any fact whatever of observation.

We must further remark that the fact that the forces

sumption of are independent of one another, which is involved in

Bernoulli.

the law of their composition, is another experience
which Bernoulli throughout tacitly employs. As long
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as we have to do with uniform or symmetrical systems
of forces, all equal in magnitude, each can be affected
by the others, even if they are not independent, only
to the same extent and in the same way. Given but
three forces, however, of which two are symmetrical
to the third, and even then the reasoning, provided
we admit that the forces may not be independent, pre-
sents considerable difficulties.

11. Once we have been led, directly or indirectly, Discussion
to the principle of the parallelogram of forces, once we Zggtfre_ocfhflhré
have perceived it, the principle is just as much an ob- principle.
servation as any other. If the observation is recent, it
of course is not accepted with the same confidence as
old and frequently verified observations. We then seek
to support the new observation by the old, to demon-
strate their agreement. By and by the new observa-
tion acquires equal standing with the old. It is then
no longer necessary constantly to reduce it to the lat-
ter. Deduction of this character is expedient only in
cases in which observations that are difficult directly
to obtain can be reduced to simpler ones more easily
obtained, as is done with the principle of the parallel-
ogram of forces in dynamics.

12. The proposition of the parallelogram of forces Experimen-
has also been illustrated by experiments especially t?éz:%?stg:
instituted for the purpose. An apparatus very well st il
adapted to this end was contrived by Cauchy. The :ti:na%e}:lg;f
centre of a horizontal divided circle (Fig. 37) is marked
by a pin. Three threads f, /7, /”, tied together at a
point, are passed over grooved wheels 7, 7/, »”, which
can be fixed at any point in the circumference of the
circle, and are loaded by the weights g, #’, p”. If three
equal weights be attached, for instance, and the wheels

placed at the marks of division o, 120, 240, the point at
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Experimen- which the strings are knotted will assume a position

tal illustra-

tion of the
principle.

just above the centre of the circle. Three equal forces
acting at angles of 120° accordingly, are in equilib-
rium.

Fig. 37.

If we wish to represent ancther and different case,
we may proceed as follows. We imagine any two
forces #, ¢ acting at any angle a, represent (Fig. 38)
them by lines, and construct on them as sides a paral-

lelogram. We supply, further, a force
equal and opposite to the resultant .
A The three forces p, ¢, —  hold cach
' other in equilibrium, at the angles vis-
.‘ ible from the construction. We now
7% ¢ place the wheels of the divided circle on

v the points of division o, &, « + /3, and
) load the appropriate strings with the
Fig. 8. weights p, ¢, ».. The point at which the

strings are knotted will come to a position exactly
above the middle point of the circle.
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Iv.

THE PRINCIPLE OF VIRTUAL VELOCITIES.

. We now pass to the discussion of the principle The truth
e prin-

of V1rtual (possible) displacements.* The truth of ciple first

this principle was first remarked by StEvVINUS at the by Stevinus
close of the sixteenth century in his investigations on
the equilibrium of pulleys and combinations of pulleys.
Stevinus treats combinations of pulleys in the same
way they are treated at the present day. In the case

#Termed in English the principle of “ virtual velocities,” this being the
original phrase (vifesse wvirtuelle) introduced by John Bernoulli. See the
text, page 56. The word wzrfualis seems to have been the fabrication of Duns
Scotus (see the Century Dictionary, under virtual); but virtualiter was used
by Aquinas, and #ér#us had been employed for centuries to translate diwautg,
and therefore as a synonym for pofentiz. Along with many other scholastic
terms, vér¢ual passed into the ordinary vocabulary of the English language.
Everybody remembers the passage in the third book of Peradise Lost,

““ Love not the heav'nly Spirits, and how thir Love

Express they, by looks onely, or do they mix

Irradiance, wirfual or immediate touch ? "—32l¢oan.,
So, we all remember how it was claimed before our revolution that America
had ‘‘ wir¢wal representation ” in parliament. In these passages, as in Latin,
wirtual means : existing in effect, but not actually. In the same sense, the
word passed into French ; and was made pretty common among philosophers
by Leibnitz. Thus, he calls innate ideas in the mind of a child, not yet brought
to consciousness, ‘‘ des connoissances virtuelles.”’

The principle in question was an extension to the case of more than two
forces of the old rule that “‘what a machine gains in power, it loses in velocity.”
Bernoulli's modification reads that the sum of the products of the forces into
their virtual velocities must vanish to give equilibrium. He says, in effect :
give the system any possible and infinitesimal motion you please, and then
the simultaneous displacements of the points of application of the forces,
resolved in the directions of those forces, though they are not exactly velocities,
since they are only displacements in one time, are, nevertheless, virtually
velocities, for the purpose of applying the rule that what a machine gains in
power, it loses in welocity.

Thomson and Tait say: “If the point of application of a force be dis-
placed through a small space, the resolved part of the displacement in the di-
rection of the force has been called its Virtual Velocity. This is positive or
negative according as the virtual velocity is in the same, or in the opposite,
direction to that of the force.” This agrees with Bernoulli’s definition which
may be found in Varignon's Nowvelle mmécanique, Vol. 11, Chap. ix.—Trans.
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M

a (Fig. 39) equilibrium obtains, when an equal weight 7
is suspended at each side, for reasons already familiar.
In &, the weight 2 is suspended by two parallel cords,

a < d
e
3 £
PP
=
P %P

Fig. 39.

each of which accordingly supports the weight P/z2,
with which weight in the case of equilibrium the free
end of the cord must also be loaded. In ¢, Pis sus-
pended by six cords, and the weighting of the free ex-
tremity with /6 will accordingly produce equilibrium.
In 4, the so-called Archimedean or potential pulley,* P
in the first instance is suspended by two cords, each
of which supports £/2; one of these two cords in turn
is suspended by two others, and so on to the end, so
that the free extremity will be held in equilibrium by
the weight #/8. If we impart to these assemblages
of pulleys displacements corresponding to a descent of
the weight P through the distance /%, we shall observe
that as a result of the arrangement of the cords

- the counterweight P a distance Zin a
‘¢ (X3 . i< £¢ 143

. o ﬁ;; will ascend § =~ gf 3 4

b ¢

‘< 113 _P/8 113 [14 8/2 g

* These terms are not in use in English.—Zra#s.
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In a system of pulleys in equilibrium, therefore, His conclu-
the products of the weights into the displacements 22??5}*}%15
they sustain are respectively equal. (¢¢ Ut spatium principle.
agentis ad spatium patientis, sic potentia patientis ad
potentiam agentis.”—Stevini, Hypomnemata, T. IV,
lib. 3, p. 172.) In this remark is contained the germ
of the principle of virtual displacements.

2. GALILEO recognised the truth of the principle in Galileo’s

recognition
another case, and that a somewhat more general one ; of the prin-

<. . . . . ciplein the

namely, in its application to the inclined plane. On gase of the
. . - mcime
an inclined plane (Fig. 40), plane.

the length of which 4B is
double the height BC, a load
Q placed on 4258 is held in
equilibrium by the load P act-
ing along the height Z2C, if )
P = QJ2. Tithe machine be Fig. 4o

set in motion, = /2 will descend, say, the vertical
distance %, and Q will ascend the same distance 4 along

the incline 45. Galileo, now, allowing the phenom-

enon to exercise its full effect on his mind, perceives,

that equilibrium is determined not by the weights

alone but also by their possible approach to and reces-

sion from the centre of the earth. Thus, while Q/2 de-

scends along the vertical height the distance 7, Q as-

cends / along the inclined length, vertically, however,

only %/2 ; the result being that the products Q(%/2)

and (Q/2)% come out equal on both sides. The eluci-

dation that Galileo’s observation affords and the light Character
it diffuses, can hardly be emphasised strongly enough. Sbeervation
The observation is so natural and unforced, moreover,

that we admit it at once. What can appear simpler

than that no motion takes place in a system of heavy
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bodies when on the whole no heavy mass can descend.
Such a fact appears instinctively acceptable.

Comparison  Galileo’s conception of the inclined plane strikes

of it with . . :

that of Ste- us as much less ingenious than that of Stevinus, but

T we recognise it as more natural and more profound. It
isin this fact that Galileo discloses such scientific great-
ness : that he had the intellectual andacity to see, in a
subject long before investigated, more than his prede-
cessors had seen, and to trust to his own perceptions.
‘With the frankness that was characteristic of him he
unreservedly places before the reader his own view,
together with the considerations that led him to it.

The Tor- 3. TorriceLLI, by the employment of the notion of

form of the “¢centre of gravity,” has put Galileo’s principle in a

prisciPle: ¢orm in which it appeals still more to our instincts, but
in which it is also incidentally applied by Galileo him-
self. According to Torricelli equilibrium exists in a
machine when, on a displacement being imparted to it,
the centre of gravity of the weights attached thereto
cannot descend. On the supposition of a displacement
in the inclined plane last dealt with, /2, let us say, de-
scends the distance /%, in compensation wherefor
vertically ascends /4. sina. Assuming that the centre

of gravity does not descend, we shall have
P.r— Q. 2sina

=0,or P. i — Q. sinew ==1),
740 ¢

or
. BC
P:Qsma:—Qg-B—,

If the weights bear to one another some different pro-
portion, then the centre of gravity caz descend when a
displacement is made, and equilibrium will not obtain.
We expect the state of equilibrium zustZnctively, when
the centre of gravity of a system of heavy bodies can-
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not descend. The Torricellian form of expression, how-
ever, contains in no respect more than the Galilean.

4. As with systems of pulleys and with the inclined The appli-
plane, so also the validity of the principle of virtual fﬁé’;‘r‘aﬁﬁi.
displacements is easily demonstrable for the other ma- Eiﬁe‘r" o
chines : for the lever, the wheel and axle, and the rest. chnes.
In a wheel and axle, for instance, with the radii &, »
and the respective weights 2P, Q, equilibrium exists,
as we know, when PR= Qr. If we turn the wheel
and axle through the angle a, 2 will descend Rea, and
Q will ascend ra. According to the conception of
Stevinus and Galileo, when equilibrium exists, P. Ra
= Q. ra, which equation expresses the same thing as
the preceding one.

5. When we compare a system of heavy bodies in The crite-
which motion is taking place, with a similar system élzgl{eﬂfft_]]e
which is in equilibrium, the question forces itself upon sauitibrinm
us : What constitutes the difference of the two cases?

What is the factor operative here that determines mo-
tion, the factor that disturbs equilibrium,—the factor
that is present in the one case and absent in the other?
Having put this question to himself, Galileo discovers
that not only the weights, but also the distances of
their vertical descents (the amounts of their vertical
displacements) are the factors that determine motion.
Let us call 2, P’, P” ... the weights of a system of
heavy bodies, and %, %/, 2" . . . their respective, simul-
taneously possible vertical displacements, where dis-
placements downwards are reckoned as positive, and
displacements upwards as negative. Galileo finds
then, that the criterion or test of the state of equilib-
rium is contained in the fulfilment of the condition
PPN +P"H +...=0. Thesum Pi+ P
+ P"}'+ ... is the factor that destroys equilibrium,
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the factor that determines motion. Owing to its im-
portance this sum has in recent times been character-
ised by the special designation wor4.

6. Whereas the earlier investigators, in the compari-
son of cases of equilibrium and cases of motion, directed
their attention to the weights and their distances from
the axis of rotation and recognised the statical mo-
ments as the decisive factors involved, Galileo fixes
his attention on the weights and their distances of de-
scent and discerns wor# as the decisive factor involved.
It cannot of course be prescribed to the inquirer
what mark or criterion of the condition of equilibrium
he shall take account of, when several are present to
choose from. The result alone can determine whether
his choice is the right one. But if we cannot, for rea-
sons already stated, regard the significance of the stat-
ical moments as given independently of experience, as
something self-evident, no more can we entertain this
view with respect to the import of work. Pascal errs,
and many modern inquirers share this error with him,
when he says, on the occasion of applying the principle
of virtual displacements to fluids: ¢¢ Etant clair que c’est
la méme chose de faire faire un pouce de chemin a cent
livres d’eau, que de faire faire cent pouces de chemin
4 une livre d’eau.” This is correct only on the suppo-
sition that we have already come to recognise work as
the decisive factor; and that it is so is a fact which
experience alone can disclose.

If we have an equal-armed, equally-weighted lever
before us, we recognise the equilibrium of the lever as
the only effect that is uniquely determined, whether we
regard the weights and the distances or the weights
and the vertical displacements as the conditions that
determine motion. Experimental knowledge of this
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or a similar character must, however, in the necessity of
the case precede any judgment of ours with regard to
the phenomenon in question. The particular way in
which the disturbance of equilibrium depends on the
conditions mentioned, that is to say, the significance
of the statical moment (PZ) or of the work (%), is
even less capable of being philosophically excogitated
than the general fact of the dependence.

7. When two equal weights with equal and op- Reduction
posite possible displacements are opposed to each gﬁatlht;i:l(;f
other, we recognise at once the subsistence of equilib- g}s fo the

. . simpler and
rium. We might now be tempted to reduce the more special case
general case of the weights 2, P’ with the capacities of

displacement %, %', where

Pl = P'W, to the sim- _“;
pler case. Suppose we a b ¢ :/.
have, for example, (Fig. 77
41) the weights 3 2 and +; d ¢ f/ P

+

4 P on a wheel and axle
with the radii 4 and 3.
We divide the weights
into equal portions of the
definite magnitude P, which we designate by g, 4, ¢,
d, ¢, f, g« We then transport a, &, ¢ to the level + 3,
and 4, ¢, f to the level — 3. The weights will, of
themselves, neither enter on this displacement nor
will they resist it. We then take simultaneously the
weight ¢ at the level 0 and the weight @ at the level
+ 3, push the first upwards to— 1 and the second
downwards to - 4, then again, and in the same way,
gto—2 and bto+ 4, gto—3 and ¢ to 4. Toall
these displacements the weights offer no resistance,
nor do they produce them of themselves. Ultimately,
however, a, 4, ¢ (or 3./°) appear at the level 4- 4 and

+3
+4

Fig 41.
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The gen- a, ¢, f; ¢ (or 4P) at the level — 3. Consequently,
with respect also to the last-mentioned total displace-
ment, the weights neither produce it of themselves
nor do they resist it ; that is to say, given the ratio of
displacement here specified, and the weights will be
in equilibrium. The equation 4.3° — 3.4 =10 is,
therefore, characteristic of equilibrium in the case as-
sumed. The generalisation (Pi-— 2’4" =0) is ob-
vious.

The condi- If we carefully examine the reasoning of this case,

thameater  we shall quite readily perceive that the inference in-

Eié‘;e et yolved cannot be drawn unless we take for granted
that the order of the operations performed and the patZ
by which the transferences are effected, are indifferent,
that is unless we have previously discerned that work
is determinative. We should commit, if we accepted
this inference, the same error that Archimedes com-
mitted in his deduction of the law of the lever; as has
been set forth at length in a preceding section and
need not in the present case be so exhaustively dis-
cussed. Nevertheless, the reasoning we have pre-
sented is useful, in the respect that it brings palpably
home to the mind the relationship of the simple and
the complicated cases.

The univer- 8. The wniversal applicability of the principle of

i?}ii,pé’%ifﬁ; virtual displacements to all cases of equilibrium, was

inipl . . .
Erstper.  perceived by Joux BErNoULLI; who communicated his

ceived b, - - - . .
Jobn Ber. discovery to Varignon in a letter written in 1717. We

oulll Wil now enunciate the principle in its most general
form. At the points 4, B, C. .. (Fig. 42) the forces
P, P', P" ... areapplied. Impartto the points any
infinitely small displacements #, 7/, ¢*. . . compatible
with the character of the connections of the points (so-
called virtual displacements), and construct the pro-
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jections p, #', " of these displacements on the direc- General
tions of the forces. These projections we consider g?’igglfﬁn
positive when they fall in 4 ) , cipte.
the direction of the force, 2, ?B £

and negative when they fall  p “c

in the opposite direction. o

The products Pp, P'p,

P"p", ... are called virtual D

moments, and in the two

cases just mentioned have Fig. 42.

contrary signs. Now, the principle asserts, that for the

case of equilibrium Pgp 4+ P'p' - P"p" + ... =0, or

more briefly 2 Pp = 0.

9. Let us now examine a few points more in detail. Detailed
Previous to Newton a force was almost universally Son ot she
conceived simply as the pull or the pressure of a heavy principle.
body. The mechanical researches of this period dealt
almost exclusively with heavy bodies. When, now,
in the Newtonian epoch, the generalisation of the idea
of force was effected, all mechanical principles known
to be applicable to heavy bodies could be transferred
at once to any forces whatsoever. It was possible to
replace every force by the pull of a heavy body on a
string. In this sense we may also apply the principle
of virtual displacements, at first discovered only for
heavy bodies, to any forces whatsoever.

Virtual displacements are displacements consistent Defnition
with the character of the connections of a system and 315?1”5323
with one another. If, for example, the two points of ments:

a system, 4 and B, at which forces act, are connected
(Fig. 43, 1) by a rectangularly bent lever, free to re-
volve about C, then, if CB =2C4, all virtual dis-
placements of B and A4 are elements of the arcs of cir-
cles having C as centre; the displacements of B are
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- always double the displacements of 4, and both are in

The reason
for the use

every case at right angles to each other. If the points
A, B (Fig. 43, 2) be connected by a thread of the length
/, adjusted to slip through

C il
A A stationary rings at C'and D,
! then all those displacements
B C ) D of 4 and B are virtual in

Fig. 43. which the points referred to
move upon or within two spherical surfaces described
with the radii », and », about C and D as centres,
where », + 7, + CD =

The use of znfinitely small displacements instead of

of infinitely Jinite displacements, such as Galileo assumed, is justi-

small dis-
placements.

A limita-
tion,

fied by the following consideration. If two weights
are in equilibrium on an inclined plane (Fig. 41), the
equilibrium will not be disturbed if the inclined plane,
at points at which it is not in immediate contact with
the bodies considered, passes into
a surface of a different form. The
essential condition is, therefore,
the momentary possibility of dis-

Fig. 44. placement in the momentary con-
figuration of the system. To judge of equilibrium we
must assume displacements vanishingly small and such
only; as otherwise the system might be carried over
into an entirely different adjacent configuration, for
which perhaps equilibrium would not exist.

That the displacements themselves are not decisive
but only the extent to which they occur in the direc-
tions of the forces, that is only their grojections on the
lines of the forces, was, in the case of the inclined plane,
perceived clearly enough by Galileo himself.

With respect to the expression of the principle, it
will be observed, thatno problem whatever is presented
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if all the material points of the system on which forces General re-
act, are independent of each other. Each point thus marks.
conditioned can be in equilibrium only in the event
that it is not movable in the direction in which the force

acts. The virtual moment of each such point vanishes
separately. If some of the points be independent of
each other, while others in their displacements are de-
pendent on each other, the remark just made holds
good for the former ; and for the latter the fundamental
proposition discovered by Galileo holds, that the sum

of their virtual moments is equal to zero. Hence, the
sum-total of the virtual moments of all jointly is equal

to zero. )

10. Let us now endeavor to get some idea of the gramples.
significance of the principle, by the consideration of a
few simple examples that cannot be
dealt with by the ordinary method
of the lever, the inclined plane, and
the like.

The differential pulley of Wes-
ton (Fig. 45) consists of two coax-
ial rigidly connected cylinders of
slightly different radii », and 7,
< 7,. A cord or chain is passed
round the cylinders in the manner
indicated in the figure. If we pull
in the direction of the arrow with
the force .2, and rotation takes place Fig. 45.
through the angle @, the weight Q attached below will
be raised. In the case of equilibrium there will exist
between the two virtual moments involved the equa-
tion

The differ-
ential pul-
ley of Wes-
ton.

Q(_’J;__’zlgp:—_frl @, ot P= Q2 "2,

2
..17"1



A suspend-
ed wheel
and axle.

A double
cylinder on
a horizon-
tal surface.

Roberval's
balance.

60 THE SCIENCE OF MECHANICS.

A wheel and axle of weight Q (Fig. 46), which on

the unrolling of a cord to which the weight # is at-

tached rolls itself up on a second cord

wound round the axle and rises, gives

@ for the virtual moments in the case of
equilibrium the equation

PR—7) p=Qrp, or P= Q7

r

In the particular case £ — =0, we
must also put, for equilibrium, Qr =0, or,
for finite values of », Q =0. In reality the
string behaves in this case like a loop in

Fig. 46. which the weight Q is placed. The lat-
ter can, if it be different from zero, continue to roll itself
downwards on the string without moving the weight 2.
If, however, when R =/, we also put Q =), the re-
sult will be =9, an indeterminate value. As a mat-
ter of fact, ewery weight P holds the apparatus in equi-
librium, since when R =7 none¢ can possibly descend.

A double cylinder (Fig. 47) of the radii -, £ lies with
friction on a horizontal surface, and a force Q is brought

to bear on the string at-

tached to it. Calling the re-

Q  sistance due to friction 7,

equilibrium  exists when

iz P=(R—r'R)Q. P>

Fig. 47. (R—7/R) Q, the cylinder,

on the application of the force, will roll itself up on
the string.

Roberval’'s Balance (Fig. 48) consists of a paral-
lelogram with variable angles, two opposite sides of
which, the upper and lower, are capable of rotation
about their middle points 4, B. To the two remaining
sides, which are always vertical, horizontal rods are
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fastened. If from these rods we suspend two equal
weights 7, equilibrium will subsist independently of
the position of the points
of suspension, because on
displacement the descent
of the one weight is always
equal to the ascent of the
other.

At three fixed points 4, Discussion
B, C (Fig. 49) let pulleys Fig. 48. 2{»2{335?5?
be placed, over which three strings are passed loaded fims Smot-
with equal weights and knotted at 0. In what posi- “°* "8
tion of the strings will equilibrium exist? We will call
the lengths of the three strings 40 =s,, BO=y,,

Fig. 49. Fig. 50.

CO=s,. To obtain the equation of equilibrium, let
us displace the point O in the directions s, and s, the
infinitely small distances ds, and ds,, and note that by
so doing every direction of displacement in the plane
ABC (Fig. 50) can be produced. The sum of the vir-
tual moments is

Pés,— PSs, cos a + PSs, cos (a4 ff) z\__‘ 0

+ Pésy — Pdsy cos 8+ Plsy cos(a+ )y~

or

[1—cosa - cos(a+ )] 65,4 [1 —cosf

-+ cos(a + B)] 65, =0.

But since each of the displacements ds,, s, is ar-
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bitrary, and each independent of the other, and may by
themselves be taken =0, it follows that

l1—cosa-+cos(a+ B)=0
1 —cosf ~+ cos (a + f)=0.
Therefore
cos a = cos f3,
and each of the two equations may be replaced by
1 —cosa + cos2a=0;
or cosa =%,
wherefore « ++ = 120°.

Remarkson  Accordingly, in the case of equilibrium, each of the
the preced- . . ° - .
ingcase. strings makes with the others angles of 120°; which is,
moreover, directly obvious, since three equal forces can
be in equilibrium only when such an arrangement ex-
ists. This once known, we may find the position of
the point O with respect to ABC in a number of dif-
ferent ways. We may proceed for instance as follows.
"We construct on 4B, BC, CA, severally, as sides,
equilateral triangles. If we describe circles about these
triangles, their common point of intersection will be
the point O sought ; a result which easily follows from
the well-known relation of the angles at the centre and
circumference of circles.
Thecaseof A bar 04 (Fig. 51) is revolvable about O in the
a bar re- . “ .
volvable  plane of the paper and makes with a fixed straight line
about one . -
of 1ts ex- OX the variable angle
tremities. 3
y P a. At 4 thereis ap-
plied a force £’ which
B makes with OX the
0 x x angle y, and at B, on
Fig. 51, a ring displaceable
along the length of the bar, a force Q, making with
OX the angle f. We impart to the bar an infinitely




THE PRINCIPLES OF STATICS. 63

small rotation, in consequence of which & and 4 move The caseof
forward the distances s and Js, at right angles to 04, volvable

. . . about one
and we also displace the ring the distance J7 along the of its ex-

. . . ties,
bar. The variable distance O we will call », and we fremities

will let O4 =a. For the case of equilibrium we have
then

Q67 cos (f— @) + QFs sin (B — a) +
£PdSs sin(a— y)=0.

As the displacement 67 has no effect whatever on
the other displacements, the virtual moment therein
involved must, by itself, =0, and since é» may be of
any magnitude we please, the coefficient of this virtual
moment must also = 0. We have, therefore,

Qcos(f—a)=0,
or when Q is different from zero,
f— a=90°.
Further, in view of the fact that 85, = (a/¥) ds, we
also have
7Q sin (f — a) + aPsin(a—jx):O,
or since sin (f—a) =1,
rQ 4+ aPsin(a—yp)=0;
wherewith the relation of the two forces is obtained.
r1. An advantage, not to be overlooked, which Eﬁ?ﬁ?—

every general principle, and therefore also the prin- ciplein-
volves an

ciple of virtual displacements, fur- V' economy of
nishes, consists in the fact that it 1% thoushe
saves us to a great extent the ne- =

cessity of considering every new par- 41
ticular case presented. In the posses-
sion of this principle we need not, for Fig. 52.
example, trouble ourselves about the details of a ma-
chine. If a new machine say were so enclosed in a
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box (Fig. 52), that only two levers projected as points
of application for the force 7> and the weight /', and
we should find the simultaneous displacements of these
levers to be /2 and 7/, we should know immediately that
in the case of equilibrium 2% == P'/’, whatever the
construction of the machine might be. Every principle
of this character possesses therefore a distinct ¢conom-
ical value.
Further re- 12. We return to the general expression of the prin-
Ziir%?s‘iﬁ“ ciple of virtual displacements, in order to add a few
gfp}l;e prin- P further remarks. If
2 at the points 4, B,
P ¢ C. ... the forces
P, P, P". ... act,
B and-p, p', .. ..
Ex are the projections
Fig. 53. of infinitely small
mutually compatible displacements, we shall have for

the case of equilibrium
Pp+Pp+Pp+. .. =0

If we replace the forces by strings which pass over

pulleys in the directions of the forces and attach thereto

the appropriate weights, this expression simply as-

serts that the cendre of grawvity of the system of weights

as a whole cannot descend. If, however, in certain dis-

placements it were possible for the centre of gravity

to rise, the system would still be in equilibrium, as the

heavy bodies would not, of themselves, enter on any
Modifica- such motion. In this case the sum above given would

tion of the . .
previous _be negative, or less than zero. The general expression

equation of S cyeq . .
condition. 0f the condition of equilibrium is, therefore,

PP"I"P’_Z”‘[‘-P"j’H—i—‘o-T-:i”-

When for every virtual displacement there exists
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another egual and opposite to it, as is the case for ex-
amplein the simple machines, we may restrict ourselves
to the upper sign, to the eguation. For if it were pos-
sible for the centre of gravity to ascend in certain
displacements, it would also have to be possible, in
consequence of the assumed reversibility of all the vir-
tual displacements, for it to descend. Consequently,
in the present case, a possible rise of the centre of
gravity is incompatible with equilibrium.
The question assumes a different aspect, however, The condi-
. . tion is, that
when the displacements are not all reversible. Two the sum of
. . the virtual
bodies connected together by strings can approach moments

shall be
each other but cannot recede from each other beyond equal toor

the length of the strings. A body is able to slide or P
roll on the surface of another body ; it can move away
from the surface of the second body, but it cannot
penetrate it. In these cases, therefore, there are dis-
placements that cannot be reversed. Consequently,
for certain displacements a 7zs¢ of the centre of gravity
may take place, while the contrary displacements, to
which the descent of the centre of gravity corresponds,
are impossible. 'We must therefore hold fast to the
more general condition of equilibrium, and say, the sum
of the virtual moments is egual fo or less than zero.

13. LAGRANGE in his Analytical Mechanics attempted The Le-

a deduction of the principle of virtual displacements, Soduetion
which we will now consider. At the points 4, B, Sfofer Prim
C....(Fig. 54) the forces P, P', P"....act. We
imagine rings placed at the points in question, and
other rings 4', B', C’. . . . fastened to points lying in
the directions of the forces. We seek some common
measure Q/2 of the forces 7, P', P"” . . .. that enables

us to put:
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where #, 7', #" . . . . are whole numbers. Further, we
make fast to the ring 4’ a string, carry this string dack
and fort/ » times between 4’ and 4, then through 5,

#' times back and forth between B’ and B, then through
C', " times back and forth between C' and C, and,
finally, let it drop at C’, attaching to it there the weight
Q/2. As the string has, now, in all its parts the ten-
sion Q/2, we replace by these ideal pulleys all the
forces present in the system by the single force Q/2.
If then the virtual (possible) displacements in any given
configuration of the system are such that, these dis-
placements occurring, a descent of the weight Q/2 can
take place, the weight will actually descend and pro-
duce those displacements, and equilibrium therefore
will not obtain. But on the other hand, no motion
will ensue, if the displacements leave the weight Q/2
in its original position, or raise it. The expression of
this condition, reckoning the projections of the virtual
displacements in the directions of the forces positive,
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and having regard for the number of the turns of the
string in each single pulley, is

2np - 2w L+ 2y LT,

Equivalent to this condition, however, is the ex-
pression

Q

0ot 2v Ly 2w ?

—2—_75’—|-2n 2;7”—[—...?0,

or
Pp4-Pp +Plp'+...20.

14. The deduction of Lagrange, if stripped of the The con-
rather odd fiction of the pulleys, really possesses con- fﬁﬁé"o‘% A
vincing features, due to the fact that the action of 2 deduetion.
single weight is much more immediate to our expe-
rience and is more easily followed than the action of
several weights. Yet it is not proved by the Lagrangian
deduction that work is the factor determinative of the
disturbance of equilibrium, but is, by the employment
of the pulleys, rather assumed by it. Asa matter of
fact every pulley involves the fact enunciated and rec-
ognised by the principle of virtual displacements. The
replacement of all the forces by a single weight that
does the same work, presupposes a knowledge of the
import of work, and can be proceeded with on this as-
sumption alone. The fact that some certain cases are Itisnot,
more familiar to us and more immediate to our expe- proof.
rience has as a necessary result that we accept them
without analysis and make them the foundation of our
deductions without clearly instructing ourselves as to
their real character.

It often happens in the course of the development
of science that a new principle perceived by some in-
quirer in connection with a fact, is not immediately

recognised and rendered familiar in its entire generality.
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Then, every expedient calculated to promote these
ends, is, as is proper and natural, called into service.
All manner of facts, in which the principle, although
contained in them, has not yet been recognised by in-
quirers, but which from other points of view are more
familiar, are called in to furnish a support for the new
conception. It does not, however, beseem mature
science to allow itself to be deceived by procedures of
this sort. If, throughout all facts, we clearly see and 27s-
cern a principle which, though not admitting of proof,
can yet be known to prevail, we have advanced much
farther in the consistent conception of nature than if
we suffered ourselves to be overawed by a specious

Valueofthe demonstration. If we have reached this point of view,

Lagrangian

proof,

The Loi de
repos.,

we shall, it is true, regard the Lagrangian deduction
with quite different eyes; yet it will engage neverthe-
less our attention and interest, and excite our satis-
faction from the fact that it makes palpable the simi-
larity of the simple and complicated cases.

15. MavuperTUIs discovered an interesting proposi-
tion relating to equilibrium, which he communicated
to the Paris Academy in 1740 under the name of the
««Loi de repos.” This principle was more fully dis-
cussed by EULER in 1751 in the Proceedings of the
Berlin Academy. If we cause infinitely small displace-
ments in any system, we produce a sum of virtual mo-
ments Pp + P'p' -+ P"p" 4. . . ., which only reduces
to zero in the case of equilibrium. This sum is the
work corresponding to the displacements. or since for
infinitely small displacements it is itself infinitely small,
the corresponding element of work. If the displace-
ments are continuously increased till a finite displace-
ment is produced, the elements of the work will, by
summation, produce a finite amount of work. So, if we
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start from any given initial configuration of the system Statement
and pass to any given final configuration, a certain gif;lt?pm-
amount of work will have to be done. Now Maupertuis
observed that the work done when a final configura-

tion is reached which is a configuration of equilibrium,

is generally a maximum or a minimum ; that is, if we

carry the system through the configuration of equilib-

rium the work done is previously and subsequently

less or previously and subsequently greater than at the
configuration of equilibrium itself. For the configura-

tion of equilibrium

Pp+ PP+ Lp . =0,

that is, the element of the work or the differential (more
correctly the variation) of the work is equal to zero.
If the differential of a function can be put equal to
zero, the function has generally a maximum or mini-
mum value.
16. We can produce a very clear representation to Graphical
the eye of the import of Maupertuis’s principle. ofibe e
We imagine the forces of a system replaced by ‘S?i‘éc?f)f?.e
Lagrange’s pulleys with the weight Q/2. We suppose
that each point of the system is restricted to movement
on a certain curve and that the motion is such that
when one point occupies a definite position on its curve
all the other points assume uniquely determined po-
sitions on their respective curves. The simple ma-
chines are as a rule systems of this kind. Now, while
imparting displacements to the system, we may carry
a vertical sheet of white paper horizontally over the
weight Q/2, while this is ascending and descending
on a vertical line, so that a pencil which it carries shall
describe a curve upon the paper (Fig. 55). When the
pencil stands at the points g, ¢, & of the curve, there are,
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we see, adjacent positions in the system of points at
which the weight Q/2 will stand higher or lower than in
the configuration given. The weight will then, if the
system beleft to itself, pass into this lower position and

Fig. s5.
displace the system with it. Accordingly, under condi-
tions of this kind, equilibrium does not subsist. If
the pencil stands at ¢, then there exist only adjacent
configurations for which the weight Q/2 stands higher.
But of itself the system will not pass into the last-
named configurations. On the contrary, every dis-
placement in such a direction, will, by virtue of the
tendency of the weight to move downwards, be re-
versed. Stable equilibrium, therefore, is the condition
that corresponds to the lowest position of the weight or fo
a maximum of work done in the system. If the pencil
stands at 4, we see that every appreciable displace-
ment brings the weight Q/2 lower, and that the weight
therefore will continue the displacement begun. But,
assuming infinitely small displacements, the pencil
moves in the horizontal tangent at 4, in which event
the weight cannot descend. Therefore, wnstable equi-
lbrium s the state that corresponds to the highest position
of the weight Q/2, or to a minimum of work done in the
system. It will be noted, however, that conversely
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every case of equilibrium is not the correspondent of

a maximum or a minimum of work performed. If the
pencil is at £, at a point of horizontal contrary flexure,

the weight in the case of infinitely small displace-
ments neither rises nor falls. Equilibrium exists, al-
though the work done is neither a maximum nor a
minimum. The equilibrium of this case is the so-
called mixed equilibrium *: for some disturbances it is Mized equ
stable, for others unstable. Nothing prevents us from fbriuz.
regarding mixed equilibrium as belonging to the un-
stable class. 'When the pencil stands at g, where the

curve runs along horizontally a finite distance, equi-
librium likewise exists. Any small displacement, in

the configuration in question, is neither continued nor
reversed. This kind of equilibrium, to which likewise
neither a maximum nor a minimum corresponds, is
termed’ [neutral or] indifferent. 1f the curve described weutra1
by Q/2 has a cusp pointing upwards, this indicates a *1*1Pre®
minimum of work done but no equilibrium (not even
unstable equilibrium). To a cusp pointing downwards

a maximum and stable equilibrium correspond. In the

last named case of equilibrium the sum of the virtual
moments is not equal to zero, but is negative.

17. In the reasoning just presented, we have as- Theprecea
sumed that the motion of a point of a system on one & apsia
curve determines the motion of all the other points of &¥ fas sk
the system on their respective curves. The movability "' ¢
of the system becomes multiplex, however, when each
point is displaceable on a surface, in a manner such
that the position of one point on its surface determines

* This term is not used in English, because our writers hold that no
equilibrium is conceivable which is not stable or neutral for some possible
displacements. Hence what is called »Zxed equilibrium in the text is called
unstable equilibrium by English writers, who deny the existence of equilibrium
unstable in every respect.—~7razs.
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uniquely the position of all the other points on their
surfaces. In this case, we are not permitted to consider
the curve deseribed by Q/2, but are obliged to picture
to ourselves a surface described by Q/2. If, to go a
step further, each point is movable throughout a space,
we can no longer represent to ourselves in a purely geo-
metrical manner the circumstances of the motion, by
means of the locus of Q/2. In a correspondingly higher
degree is this the case when the position of oze of the
points of the system does not determine conjointly all
the other positions, but the character of the system’s
motion is more multiplex still. In all these cases, how-
ever, the curve described by Q/2 (Fig. 55) can serve
us as a symbol of the phenomena to be considered. In
these cases also we rediscover the Maupertuisian pro-
positions.

We have also supposed, in our considerations up to
this point, that constant forces, forces independent of
the position of the points of the system, are the forces
that act in the system. If we assume that the forces
do depend on the position of the points of the system
(but not on the time), we are no longer able to conduct

our operations with simple pulleys, but
must devise apparatus the force active in
which, still exerted by Q/2, varies with the
displacement: the ideas we have reached,
however, still obtain. The depth of the
descent of the weight Q/2 is in every case
the measure of the work performed, which
is always the same in the same configura-

Fig. 56. tion of the system and is independent of
the path of transference. A contrivance which would
develop by means of a constant weight a force varying
with the displacement, would be, for example, a wheel
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and axle (Fig. 56) with a non-circular wheel. It would
not repay the trouble, however, to enter into the de-
tails of the reasoning indicated in this case, since we
perceive at a glance its feasibility.

18. If we know the relation that subsists between
the work done and the so-called 745 z/va of a sys-
tem, a relation established in dynamics, we arrive
easily at the principle communicated by COURTIVRON in
1749 to the Paris Academy, which is this: For the

stable

unstable
maximum
minimum
maximum
minimum

configuration of equilibrium, at which the

work done is a , the vis viva of the system,

in motion, is also a in its transit through

these configurations.
19. A heavy, homogeneous triaxial ellipsoid resting

.on a horizontal plane is admirably adapted to illustrate
the various classes of equilibrium. When the ellip-
soid rests on the extremity of its smallest axis, it is in
stable equilibrium, for any displacement it may suffer
elevates its centre of gravity. If it rest on its longest
axis, it is in unstable equilib-
rium. If the ellipsoid stand on

its mean axis, its equilibrium is —~

mixed. A homogeneous sphere e

or a homogeneous right cylin- -4 %
der on a horizontal plane illus- Fig. 57.

trates the case of indifferent equilibrium. In Fig. 57
we have represented the paths of the centre of gravity
of a cube rolling on a horizontal plane about one of its
edges. The position a of the centre of gravity is the
position of stable equilibrium, the position &, the posi-
tion of unstable equilibrium.

The prin-
ciple of
Courtivron.

Illustration
of the vari-
ous kinds of
equilibrinm
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20. We will now consider an example which at
first sight appears very complicated but is elucidated
at once by the principle of virtual displacements. John
and James Bernoulli, on the occasion of a conversa-
tion on mathematical topics during a walk in Basel,
lighted on the question of what form a chain would
take that was freely suspended and fastened at both
ends. They soon and easily agreed in the view that
the chain would assume that form of equilibrium at
which its centre of gravity lay in the lowest possible
position. As a matter of fact we really do perceive
that equilibrium subsists when all the links of the chain
have sunk as low as possible, when none can sink lower
without raising in consequence of the connections of
the system an equivalent mass equally high or higher.
‘When the centre of gravity has sunk as low as it pos-
sibly can sink, when all has happened that can happen,
stable equilibrium exists. The phpsical part of the
problem is disposed of by this consideration. The de-
termination of the curve that has the lowest centre of
gravity for a given length between the two points 4,
B, is simply a mathematical problem. (See Fig. 58.)

21. Collecting all that has been presented, we see,
that there is contained in the principle of virtual dis-
placements simply the recognition of a fact that was
instinctively familiar to us long previously, only that
we had not apprehended it so precisely and clearly.
This fact consists in the circumstance that heavy
bodies, of themselves, move only downwards. If sev-
eral such bodies be joined together so that they can
suffer no displacement independently of each other,
they will then move only in the event that some heavy
mass is oz the whole able to descend, or as the prin-
ciple, with a more perfect adaptation of our ideas to
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the facts, more exactly expresses it, only in the event
that zwork can be performed. If, extending the notion
of force, we transfer the principle to forces other than
those due to gravity, the recognition is again con-
tained therein of the fact that the natural occurrences
in question take place, of themselves, only in a definite
sense and not in the opposite sense. Just as heavy
bodies descend downwards, so differences of tempera-
ture and electrical potential cannot increase of their
own accord but only diminish, and so on. If occur-
rences of this kind be so connected that they can take
place only in the contrary sense, the principle then es-
tablishes, more precisely than our instinctive appre-
hension could do this, the factor wor% as determinative
and decisive of the direction of the occurrences. The
equilibrium equation of the principle may be reduced
in every case to the trivial statement, that when noth-
ing can happen nothing does happen.

22. It isimportant to obtain clearly the perception,
that we hav to deal, in the case of all principles,
merely wita the ascertainment and establishment of a
Jact. 1f we neglect this, we shall always be sensible
of some deficiency and will seek a verification of the
principle, that is not to be found. Jacobi states in his
Lectures on Dynamics that Gauss once remarked that
Lagrange’s equations of motion had not been proved,
but only historically enunciated. And this view really
seems to us to be the correct one in regard to the prin-
ciple of virtual displacements.

The task of the early inquirers, who lay the foun-

ent tasks of . - . - - -
earlyand of dations of any department of investigation, is entirely

subsequent

inquirers in different from that of those who follow. It is the busi-

any depart-

ment.

ness of the former to seek out and to establish the
facts of most cardinal importance only; and, as history
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teaches, more brains are required for this than is gen-
erally supposed. When the most important facts are
once furnished, we are then placed in a position to
work them out deductively and logically by the meth-
ods of mathematical physics; we can then organise the
department of inquiry in question, and show that in the
acceptance of some oxe fact a whole series of others is
included which were not to be immediately discerned
in the first. The one task is as important as the other.
We should not however confound the one with the
other. We cannot prove by mathematics that nature
must be exactly what it is. But we can prove, that
one set of observed properties determines conjointly
another set which often are not directly manifest.
Let it be remarked in conclusion, that the princi- Every gen-

. - . . eral princi-

ple of virtual displacements, like every general prin- ple brings

. - . . . . . . . with it dis-
ciple, brings with it, by the insight which it furnishes, illusion-
ment as

disillusionment as well as elucidation. It brings with well as etu-
it disillusionment to the extent that we recognise in it cidation-
facts which were long before known anc.2ven instinct-

ively perceived, our present recognition bing simply

more distinct and more definite; and elucidation, in

that it enables us to see everywhere throughout the

most complicated relations the same simple facts.

V.
RETROSPECT OF THE DEVELOPMENT OF STATICS.

1. Having passed successively in review the prin- review of
ciples of statics, we are now in a position to take awhole - -
brief supplementary survey of the development of the
principles of the science as a whole. This development,
falling as it does in the eurliest period of mechanics,

—the period which begins in Grecian antiquity and
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reaches its close at the time when Galileo and his
younger contemporaries were inaugurating modern me-
chanics,—illustrates in an excellent manner the pro-
cess of the formation of science generally. All con-
ceptions, all methods are here found in their simplest
form, and as it were in their infancy. These beginnings
The origin point unmistakably to their origin in the experiences of
the manual arts. To the necessity of putting these ex-
periences into communicadle form and of disseminating
them beyond the confines of class and craft, science
owes its origin. The collector of experiences of this
kind, who seeks to preserve them in written form, finds
before him many different, or at least supposably differ-
ent, experiences. His position is one that enables him
to review these experiences more frequently, more vari-
ously, and more impartially than the individual work-
ingman, who is always limited to a narrow province.
The facts and their dependent rules are brought into
closer temporal and spatial proximity in his mind and
writings, and thus acquire the opportunity of revealing
The econo- their relationship, their connection, and their gradual
my of com- .. . . .
munication. transition the one into the other. The desire to sim-
plify and abridge the labor of communication supplies
‘a further impulse in the same direction. Thus, from
economical reasons, in such circumstances, great num-
bers of facts and the rules that spring from them are
condensed into a system and comprehended in a single
expression.
Thegene- 2. A collector of this character has, moreover, op-
3;1%2 prin- portunity to take note of some zew aspect of the facts
before him-—of some aspect which former observers
had not considered. A rule, reached by the observation
of facts, cannot possibly embrace the ensire fact, in all
its infinite wealth, in all its inexhaustible manifoldness ;
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on the contrary, it can furnish only a rough outline of
the fact, one-sidedly emphasising the feature that is of
importance for the given technical (or scientific) aim in
view. FH7at aspects of a fact are taken notice of, will

consequently depend upon circumstances, or even on Their form

in many as-

the caprice of the observer. Hence there is always op- pects, acci-

portunity for the discovery of new aspects of the fact,
which will lead to the establishment of new rules of
equal validity with, or superior to, the old. So, for in-
stance, the weights and the lengths of the lever-arms
were regarded at first, by Archimedes, as the conditions
that determined equilibrium. Afterwards, by Da Vinci
and Ubaldi the weights,and the perpendicular distances
from the axis of the lines of force were recognised as
the determinative conditions. Still later, by Galileo,
the weights and the amounts of their displacements,
and finally by Varignon the weights and the directions
of the pulls with respect to the axis were taken as the
elements of equilibriun, and .the enunciation of the
rules modified accordingly.

ental.

3. Whoever makes a new observation of this kind, our liabil-

ity to error

and establishes such a new rule, knows, of course, our in the men-

al recon-

liability to error in attempting mentally to represent struction of

the fact, whether by concrete images or in abstract con-
ceptions, which we must do in order to have the mental
model we have constructed always at hand as a substi-
tute for the fact when the latter is partly or wholly in-
accessible. The circumstances, indeed, to which we
have to attend, are accompanied by so many other,
collateral circumstances, that it is frequently difficult
to single out and consider those that are essential to the
purpose in view. Just think how the facts of friction,
the rigidity of ropes and cords, ‘and like conditions in
machines, obscure and obliterate the pure outlines of

facts.
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Thisliabil- the main facts. No wonder, therefore, that the discov-

ity impels . . .
ustoseek  erer or verifier of a new rule, urged by mistrust of him-

Eg{fslﬂﬁiﬁ’fs self, secks after a proof of the rule whose validity he
' believes he has discerned. The discoverer or verifier
does not at the outset fully trust in the rule; or, it may
be, he is confident only of a part of it. So, Archimedes,
for example, doubted whether the effect of the action
of weights on a lever was groporiional to the lengths of
the lever-arms, but he accepted without hesitation the
fact of their influence in some way. Daniel Bernoulli
does not question the influence of the direction of a
force generally, but only the form of its influence. As
a matter of fact, it is far easier to observe that a circum-
stance /as influence in a given case, than to determine
what influence it has. In the latter inquiry we are in
much greater degree liable to error. The attitude of the
investigators is therefore perfectly natural and defens-
ible.
Thenatural ~ The proof of the correctness of a new rule can be
methods of . : . .
proof. attained by the repeated application of it, the frequent
comparison of it with experience, the putting of it to
the Zes# under the most diverse circumstances. This
process would, in the natural course of events, get car-
ried out in time. The discoverer, however, hastens to
reach his goal more quickly. He compares the results
that flow from his rule with all the experiences with
which he is familiar, with all older rules, repeatedly
tested in times gone by, and watches to see if he do
not light on contradictions. In this procedure, the
greatest credit is, as it should be, conceded to the oldest
and most familiar experiences, the most thoroughly
tested rules. Our instinctive experiences, those gen-
eralisations that are made involuntarily, by the irresist-
ible force of the innumerable facts that press in upon
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us, enjoy a peculiar authority; and this is perfectly
warranted by the consideration that it is precisely the
elimination of subjective caprice and of individual er-
ror that is the object aimed at.

In this manner Archimedes prozes his law of the Diustration
lever, Stevinus his law of inclined pressure, Daniel 225?3::::
Bernoulli the parallelogram of forces, Lagrange the marke.
principle of virtual displacements. Galileo alone is
perfectly aware, with respect to the last-mentioned
principle, that his new observation and perception are
of equal rank with every former one—that it is derived
from ¢he same source of experience. He attempts no
demonstration. Archimedes, in his proof of the prin-
ciple of the lever, uses facts concerning the centre of
gravity, which he had probably proved by means of the
very principle now in question; yet we may suppose
that these facts were otherwise so familiar, as to be un-
questioned,—so familiar indeed, that it may be doubted
whether he remarked that he had employed them in
demonstrating the principle of the lever. The instinc-
tive elements embraced in the views of Archimedes and
Stevinus have been discussed at length in the proper
place.

4. Itis quite in order, on the making of a new dis- The posi-
covery, to resort to all proper means to bring the new vanced sci-
rule to the test. When, however, after the lapse of ai’ééﬁé’y’?‘“d
reasonable period of time, it has been sufficiently often
subjected to direct testing, it becomes science to recog-
nise that any other proof than that has become quite
needless; that there is no sense in considering a rule
as the better established for being founded on others
that have been reached by the very same method of
observation, only earlier ; that one well-considered and
tested observation is as good as another. To-day, we
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should regard the principles of the lever, of statical
moments, of the inclined plane, of virtual displace-
ments, and of the parallelogram of forces as discovered
by eguivalent observations. It is of no importance now,
that some of these discoveries were made directly, while
others were reached by roundabout ways and as de-
pendent upon other observations. Itis more in keep-
ing, furthermore, with the economy of thought and with

Insight bet. the sthetics of science, directly to recognise a principle

tificial dem- (say that of the statical moments) as the key to the un-
derstanding of @// the facts of a department, and really
see how it pervades all those facts, rather than to hold
ourselves obliged first to make a clumsy and lame de-
duction of it from unobvious propositions that involve
the same principle but that happen to have become
earlier familiar to us. This process science and the in-
dividual (in historical study) may go through once for
all. But having done so both are free to adopt a more
convenient point of view.

The mis- 5. In fact, this mania for demonstration in science

take of the . . . .

maniafor results in a rigor that is false and mistaken. Some pro-

domonstrer positions are held to be possessed of more certainty
than others and even regarded as their necessary and
incontestable foundation ; whereas actually no higher,
or perhaps not even so high, a degree of certainty at-
taches to them. Even the rendering clear of the de-
gree of certainty which exact science aims at, is not at-
tained here. Examples of such mistaken rigor are to
be found in almost every text-book. The deductions
of Archimedes, not considering their historical value,
are infected with this erroneous rigor. But the most
conspicuous example of all is furnished by Daniel Ber-
noulli’s deduction of the parallelogram of forces (Com-
ment. Acad. Petrop. T. 1.).
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6. As already seen, instinctive knowledge enjoys The char-
our exceptional confidence. No longer knowing /low iyt
we have acquired it, we cannot criticise the logic by Faowledge.
which it was inferred. We have personally contributed
nothing to its production. It confronts us with a force
and irresistibleness foreign to the products of volun-
tary reflective experience. It appearsto us as some-
thing free from subjectivity, and extraneous to us, al-
though we have it constantly at hand so that it is more
ours than ate the individual facts of nature.

All this has often led men to attribute knowledge of 1ts author-
this kind to an entirely different source, namely, to view ﬁ:@t:‘iso'
it as existing @ p7o77 in us (previous to all experience). preme.
That this opinion is untenable was fully explained in
our discussion of the achievements of Stevinus. Yet
even the authority of instinctive knowledge, however
important it may be for actual processes of develop-
ment, must ultimately give place to that of a clearly and
deliberately observed principle. Instinctive knowledge
is, after all, only experimental knowledge, and as such
is liable, we have seen, to prove itself utterly insuffi-
cient and powerless, when some new region of expe-
rience is suddenly opened up.

7. The frue relation and connection of the different The truere-
principles is the Ziséorical one. The one extends farther L‘;ﬁ&?&{ifé?e
in this domain, the other farther in that. Notwith- b
standing that some one principle, say the principle of
virtual displacements, may control with facility a
greater number of cases than other principles, still
no assurance can be given that it will always maintain
its supremacy and will not be outstripped by some new
principle. All principles single out, more or less arbi-
trarily, now this aspect now that aspect of the same
facts, and contain an abstract summarised rule for the
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refigurement of the facts in thought. We can never
assert that this process has been definitively completed.
‘Whosoever holds to this opinion, will not stand in the
way of the advancement of science.

8. Let us, in conclusion, direct our attention for a
moment to the conception of force in statics. Force is
any circumstance of which the consequence is motion.
Several circumstances of this kind, however, each single
one of which determines motion, may be so conjoined
that in the result there shall be no motion. Now stat-
ics investigates what this mode of conjunction, in gen-
eral terms, is. Statics does not further concern itself
about the particular character of the motion condi-
tioned by the forces. The circumstances determinative
of motion that are best known to us, are our own vo-
litional acts—our innervations. In the motions which
we ourselves determine, as well as in those to which
we are forced by external circumstances, we are always
sensible of a pressure. Thence arises our habit of rep-
resenting all circumstances determinative of motion as
something akin to volitional acts—as pressures. The
attempts we make to set aside this conception, as sub-
jective, animistic, and unscientific, fail invariably. It
cannot profit us, surely, to do violence to our own nat-
ural-born thoughts and to doom ourselves, in that re-
gard, to voluntary mental penury. We shall subse-
quently have occasion to observe, that the conception
referred to also plays a part in the foundation of dy-
namics.

We are able, in a great many cases, to replace the
circumstances determinative of motion, which occur in
nature, by our innervations, and thus to reach the idea
of a gradation of the intensity of forces. But in the esti-
mation of this intensity we are thrown entirely on the
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resources of our memory, and are also unable to com- The com-
municate our sensations. Since it is possible, how- Soer ot 2l
ever, to represent cwery condition that determines forees.
motion by a weight, we arrive at the perception that

all circumstances determinative of motion (all forces)

are alike in character and may be replaced and meas-

ured by quantities that stand for weight. The meas-

urable weight serves us, as a certain, convenient, and
communicable index, in mechanical researches, just as

the thermometer in thermal researches is an exacter
substitute for our perceptions of heat. As has pre- The idea ot
viously been remarked, statics cannot wholly rid itself ::f?llﬁgr;n
of all knowledge of phenomena of motion. This par- statice,
ticularly appears in the determination of the direction

of a force by the direction of the motion which it would
produce if it acted alone. By the point of application

of a force we mean that point of a body whose motion

is still determined by the force when the point is freed

from its connections with the other parts of the body.

" Force accordingly is any circumstance that de- The gene-
termines motion ; and its attributes may be stated as batesof
follows. The direction of the force is the direction of ™
motion which is determined by that force, alone. The
point of application is that point whose motion is de-
termined independently of its connections with the
system. The magnitude of the force is that weight
which, acting (say, on a string) in the direction deter-
mined, and applied at the point in question, determines
the same motion or maintains the same equilibrium.

The other circumstances that modify the determination
of a motion, but by themselves alone are unable to pro-
duce it, such as virtual displacements, the arms of
levers, and so forth, may be termed collateral condi-

tions determinative of motion and equilibrium.
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VI

THE PRINCIPLES OF STATICS IN THEIR APPLICATION TO
FLUIDS.

1. The consideration of fluids has not supplied stat-
ics with many essentially new points of view, yet nu-
merous applications and confirmations of the principles
already known have resulted therefrom, and physical
experience has been greatly enriched by the investiga-
tions of this domain. We shall devote, therefore, a few
pages to this subject.

2. To ARCHIMEDES also belongs the honor of found-
ing the domain of the statics of liquids. To him we
owe the well-known proposition concerning the buoy-
ancy, or loss of weight, of bodies immersed in liquids,
of the discovery of which Vitruvius, De Architectura,
Lib. IX, gives the following account:

««Though Archimedes discovered many curious
¢“matters that evince great intelligence, that which I am
¢about to mention is the most extraordinary. Hiero,
¢“when he obtained the regal power in Syracuse, hav-
¢¢ing, on the fortunate turn of his affairs, decreed a
«¢yotive crown of gold to be placed in a certain temple
¢¢to the immortal gods, commanded it to be made of
<cgreat value, and assigned for this purpose an appro-
«priate weight of the metal to the manufacturer. The
¢‘latter, in due time, presented the work to the king,
¢¢beautifully wrought ; and the weight appeared to cor-
¢«respond with that of the gold which had been as-
¢¢gigned for it.

¢But a report having been circulated, that some of
¢‘the gold had been abstracted, and that the deficiency
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¢¢thus caused had been supplied by silver, Hiero was Theac-
«indignant at the fraud, and, unacquainted with the f:&lvﬁ;:fvr
<«“method by which the theft might be detected, re-
«“quested Archimedes would undertake to give it his
<“attention. Charged with this commission, he by
¢“chance went to a bath, and on jumping into the tub,
< perceived that, just in the proportion that his body
“became immersed, in the same proportion the water
“ran out of the vessel. Whence, catching at the
«“method to be adopted for the solution of the proposi-
<¢tion, he immediately followed it up, leapt out of the
¢¢yessel in joy, and returning home naked, cried out
¢with a loud voice that he had found that of which he
<¢was in search, for he continued exclaiming, in Greek,
«evpyna, evpnra, (I have found it, I have found it!)”

3. The observation which led Archimedes to his Statement
proposition, was accordingly this, that a body im- 2&53252;
mersed in water must raise an equivalent quantity of proposition
water ; exactly as if the body lay on one pan of a balance
and the water on the other. This conception, which
at the present day is still the most natural and the
most direct, also appears in Archimedes’s treatises Oxn
Floating Bodies, which unfortunately have not been
completely preserved but have in part been restored
by F. Commandinus.

The assumption from which Archimedes starts
reads thus:

«¢Tt is assumed as the essential property of a liquid The Archi-
that in all uniform and continuous positions of its parts gﬂ;ﬁgf
the portion that suffers the lesser pressure is forced
upwards by that which suffers the greater pressure.

But each part of the liquid suffers pressure from the
portion perpendicularly above it if the latter be sinking
or suffer pressure from another portion.”
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Analysis of Archimedes now, to present the matter briefly,

the princi- . - . PP .

ple. conceives the entire spherical earth as fluid in consti-

tution, and cuts out of it pyramids the vertices of

which lie at the centre (Fig. 59). All these pyramids

must, in the case of equilib-

rium, have the same weight,

and the similarly situated

4 parts of the same must all

suffer the same pressure.

If we plunge a body a of

% the same specific gravity as
c

a

_water into one of the pyra-
mids, the body will com-
pletely submerge, and, in

the case of equilibrium, will supply by its weight the
pressure of the displaced water. The body 4, of less
specific gravity, can sink, without disturbance of equi-
librium, only to the point at which the water beneath
it suffers the same pressure from the weight of the
body as it would if the body were taken out and the
submerged portion replaced by water. The body ¢,
of a greater specific gravity, sinks as deep as it possibly
can. That its weight is lessened in the water by an
amount equal to the weight of the water displaced,
will be manifest if we imagine the body joined to
another of less specific gravity so that a third body is
formed having the same specific gravity as water,
which just completely submerges.

Thestateof 4. When in the sixteenth century the study of the

itesa: works of Archimedes was again taken up, scarcely the

oy o5 principles of his researches were understood. The
complete comprehension of his deductions was at that

time impossible.
Stevinus rediscovered by a method of his own the

Fig. 59.
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most important principles of hydrostatics and the de- The discov-
ductions therefrom. It was principally two ideas from a8
which Stevinus derived his fruitful conclusions. The

one is quite similar to that relating to the endless

chain. The other consists in the assumption that the
solidification of a fluid in equilibrium does not disturb

its equilibrium.

Stevinus first lays down this principle. Any given The first
mass of water 4 (Fig. 60), immersed in water, is in fii’g?&?fi‘
equilibrium in all its parts. If 4 ple-
were not supported by the sur-
rounding water but should, let us
say, descend, then the portion of
water taking the place of 4 and
placed thus in the same circum-
stances, would, on the same as-
sumption, also have to descend.
This assumption leads, therefore, to the establishment
of a perpetual motion, which is contrary to our ex-
perience and to our instinctive knowledge of things.

Water immersed in water loses accordingly its The second

. . . fundamen-
whole weight. If, now, we imagine the surface of the tal princi-
submerged water solidified, the vessel formed by this ple-
surface, the was superficiarium as Stevinus calls it, will
still be subjected to the same circumstances of pres-
sure. If empty, the vessel so formed will suffer an
upward pressure in the liquid equal to the weight of the
water displaced. If we fill the solidified surface with
some other substance of any specific gravity we may
choose, it will be plain that the diminution of the
weight of the body will be equal to the weight of the
fluid displaced on immersion.

In a rectangular, vertically placed parallelepipedal
vessel filled with a liquid, the pressure on the horizontal

Fig. 6o.
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Stevinus's base is equal to the weight of the liquid. The pressure

deductions. .
is equal, also, for all parts of the bottom of the same
area. When now Stevinus imagines portions of the
liquid to be cut out and replaced by rigid immersed
bodies of the same specific gravity, or, what is the
same thing, imagines parts of the liquid to become so-
lidified, the relations of pressure in the vessel will not
be altered by the procedure. But we easily obtain in
this way a clear view of the law that the pressure on
the base of a vessel is independent of its form, as well
as of the laws of pressure in communicating vessels,
and so forth.

Galileo, in 5. GALILEO treats the equilibrium of liquids in com-

ment of this municating vessels and the problems connected there-

subject, em-

ploys the fwith by the help of the principle of virtual displace-

principle o

;ilg?e% dis 5 4 ments. NV (Fig. -61.) peing .t_he
. = common level of a liquid in equilib-

S rium in two communicating vessels,

= I - 5 N Galileo explains the equilibrium

here presented by observing that in
the case of any disturbance the dis-
placements of the columns are to
______ each other in the inverse proportion
of the areas of the transverse sec-
tions and of the weights of the columns—that is, as
with machines in equilibrium. But this is not quite cor-
rect. The case does not exactly correspond to the
cases of equilibrium investigated by Galileo in ma-
chines, which present indifferent equilibrium. With
liquids in communicating tubes every disturbance of the
common level of the liquids produces an elevation of
the centre of gravity. In the case represented in Fig.
61, the centre of gravity .S of the liquid displaced from
the shaded space in A4 is elevated to .S’, and we may
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regard the rest of the liquid as not having been moved.
Accordingly, in the case of equilibrium, the centre of
gravity of the liquid lies at its lowest possible point.

6. PascaL likewise employs the principle of virtual The same
displacements, but in a more correct manner, leaving Preds heeot
the weight of the liquid out of account and considering by Paseal.
only the pressure at the surface. If we imagine two
communicating vessels to be closed by pistons (Fig.

62), and these pistons loaded with
weights proportional to their surface-
areas, equilibrium will obtain, because
in consequence of the invariability of
the volume of the liquid the displace-
ments 1n every disturbance are in- =
versely proportional to the weights. Fig. 62.

For Pascal, accordingly, it follows, as a necessary con-
sequence, from the principle of virtual displacements,

that in the case of equilibrium every pressure on a su-
perficial portion of a liquid is propagated with undi-
minished effect to every other superficial portion, how-

ever and in whatever position it be placed. No objec-

tion 1s to be made to discovering the principle in this

way. Yet we shall see later on that the more natural

and satisfactory conception is to regard the principle as
immediately given.

7. We shall now, after this historical sketch, again Detailed
examine the most important cases of liquid equilibrium, fi%nn_sgi?é
and from such different points of view as may be con- subject
venient. '

The fundamental property of liquids given us by
experience consists in the flexure of their parts on the
slightest application of pressure. Let us picture to our-
selves an element of volume of a liquid, the gravity of
which we disregard—say a tiny cube. If the slightest
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The funda- excess of pressure be exerted on one of the surfaces of

menta . . .
property of this cube, (which we now conceive, for the moment,

%:;El::}?ist;hoef as a fixed geometrical locus, containing the fluid but
P ot of its substance) the liquid (supposed to have pre-
viously been in equilibrium and at rest) will yield and

pass out in all directions through the other five surfaces

of the cube. A solid cube can stand a pressure on its

upper and lower surfaces different in magnitude from

that on its lateral surfaces ; or wice versa. A fluid cube,

on the other hand, can retain its shape only if the same
perpendicular pressure be exerted on all its sides. A

similar train of reasoning is applicable to all polyhe-

drons. In this conception, as thus geometrically eluci-

dated, is contained nothing but the crude experience

that the particles of a liquid yield to the slightest pres-

sure, and that they retain this property also in the in-

terior of the liquid when under a high pressure; it

being observable, for example, that under the condi-

tions cited minute heavy bodies sink in fluids, and so on.

A second With the mobility of their parts liquids combine

fhe'som.  still another property, which we will now consider. Li-

et vol- quids suffer through pressure a diminution of volume
e which is proportional to the pressure exerted on unit
of surface. Every alteration of pressure carries along
with it a proportional alteration of volume and density.
If the pressure diminish, the volume becomes greater,
the density less. The volume of a liquid continues to
diminish therefore on the pressure being increased, till
the point is reached at which the elasticity generated

within it equilibrates the increase of the pressure.
8. The earlier inquirers, as for instance those of the
Florentine Academy, were of the opinion that liquids
were incompressible. In 1761, however, Joun CanTon
performed an experiment by which the compressibility
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of water was demonstrated. A thermometer glass is The first
demonstra~

filled with water, boiled, and then sealed. (Fig. 63.)tionottte
The liquid reaches to 2. But since the space above a is it
airless, the liquid supports no atmospheric pres- auids
sure. If the sealed end be broken off, the liquid
will sink to 4. Only a portion, however, of this
displacement is to be placed to the credit of the
compression of the liquid by atmospheric pres-
sure. For if we place the glass before breaking
off the top under an air-pump and exhaust the
chamber, the liquid will sink to ¢. This last phe-
nomenon is due to the fact that the pressure that
bears down on the exterior of the glass and diminishes

its capacity, is now removed. On breaking off the top,

this exterior pressure of the atmosphere is compensated

for by the interior pressure then introduced, and an
enlargement of the capacity of the glass again sets in.

The portion ¢4, therefore, answers to the actual com-
pression of the liquid by the pressure of the atmos-

phere.

The first to institute exact experiments on the com- The experi-
pressibility of water, was OERSTED, who employed to zi%s:tsueé:a
this end a very ingenious method. A
thermometer glass 4 (Fig. 64) is filled
with boiled water and is inverted, with
open mouth, into a vessel of mercury.
Near it stands a manometer tube B filled
with air and likewisé inverted with open
mouth in the mercury. The whole ap-
paratus is then placed in a vessel filled
with water, which is compressed by the ,
aid of a pump. By this means the water ~ Fi& &
in 4 is also compressed, and the filament of quicksilver
which rises in the capillary tube of the thermometer-

Fig. 63.
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glass indicates this compression. The alteration of
capacity which the glass A4 suffers in the present in-
stance, is merely that arising from the pressing to-
gether of its walls by forces which are equal on all sides.

The experi- The most delicate experiments on this subject have

Grassi.  been conducted by Grasst with an apparatus con-
structed by Regnault, and computed with the assist-
ance of Lamé’s correction-formule. To give a tan-
gible idea of the compressibility of water, we will remark
that Grassi observed for boiled water at 0° under an
increase of one atmospheric pressure a diminution of
the original volume amounting to 5 in 100,000 parts.
If we imagine, accordingly, the vessel 4 to have the
capacity of one litre (1000 ccm.), and affix to it a cap-
illary tube of 1 sq. mm. cross-section, the quicksilver
filament will ascend in it 5 cm. under a pressure of
one atmosphere.

Surface- 9. Surface-pressure, accordingly, induces a physical

pressure in- . . . . . . . .
ducesn  alteration in a liquid (an alteration in density), which

21‘%21333.? can be detected by sufficiently delicate means—even

of density. . - .
optical. We are always at liberty to think that por-
tions of a liquid under a higher pressure are more dense,
though it may be very slightly so, than parts under a
less pressure.

The imply- Let us imagine now, we have in a liquid (in the in-

this fact.  terior of which no forces act and the gravity of which
we accordingly neglect) two portions subjected to un-
equal pressures and contiguous to one another. The
portion under the greater pressure, being denser, will
expand, and press against the portion under the less
pressure, until the forces of elasticity as lessened on the
one side and increased on the other establish equilib-
rium at the bounding surface and both portions are

equally compressed.
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If we endeavor, now, quantitatively to elucidate our
mental conception of these two facts, the easy mobility
and the compressibility of the parts of a liquid, so that
they will fit the most diverse classes of experience,
we shall arrive at the following proposition: When
equilibrium subsists in a liquid, in the interior of which
no forces act and the gravity of which we neglect, the
same equal pressure is exerted on each and every equal
surface-element of that liquid however and wherever
situated. The pressure, therefore, is the same at all
points and is independent of direction.

Special experiments in demonstration of this prin-
ciple have, perhaps, never been instituted with the re-
quisite degree of exactitude. But the proposition has
by our experience of liquids been made very familiar,
and readily explains it.

ro. If aliquid be enclosed in a vessel (Fig. 635)
which is supplied with a piston 4, the cross-section
of which is unit in area, and with a piston B which
for the time being is made station-
ary, and on the piston 4 a load p
be placed, then the same pressure
o, gravity neglected, will prevail
throughout all the parts of the vessel.
The piston will penetrate inward and
the walls of the vessel will continue ¢
tobe deformed till the point is reached Fig. 65
at which the elastic forces of the rigid and fluid bodies
perfectly equilibrate one another. If then we imagine
the piston B, which has the cross-section f, to be mov-
able, a force f. p alone will keep it in equilibrium.

Concerning Pascal’s deduction of the proposition
before discussed from the principle of virtual displace-
ments, it is to be remarked that the conditions of dis-

The state-
ment of
these impli-
cations.

5

Prelimi-
na T

marks to
the discuss-
ion of Pas-
cal’s deduc-
tion.
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Criticism of placement which he perceived hinge wholly upon the

Pascal's de-

duction. fact of the ready mobility of the parts and on the
equality of the pressure throughout every portion of
the liquid. If it were possible for a greater compression
to take place in one part of a liquid than in another,
the ratio of the displacements would be disturbed and
Pascal’s deduction would no longer be admissible.
That the property of the equality of the pressure is a
property given in experience, is a fact that cannot be
escaped ; as we shall readily admit if we recall to mind
that the same law that Pascal deduced for liquids also
holds good for gases, where even approximately there
can be no question of a constant volume. This latter
fact does not afford any difficulty to our view; but to
that of Pascal it does. In the case of the lever also, be
it incidentally remarked, the ratios of the virtual dis-
placements are assured by the elastic forces of the
lever-body, which do not permit of any great devia-
tion from these relations.

The bebay- 11. We shall now consider the action of liquids un-
gﬁ!éfcltlirger der the influence of gravity. The upper surface of a
of gravity. liquid in equilibrium is horizontal,
s S’ NN (Fig. 66). This fact is at once

et === rendered intelligible when we re-
F=====-—1 flect that every alteration of the sur-
:_——:t—:-_——__—} face in question elevates the centre
———————— of gravity of the liquid, and pushes

Fig. 6. the liquid mass resting in the shaded

space beneath VAV and having the cenfre of gravity .S
into the shaded space above V.V having the centre of
gravity S.  Which alteration, of course, is at once re-

versed by gravity.

Let there be in equilibrium in a vessel a heavy
liquid with a horizontal upper surface. We consider
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(Fig. 67) a small rectangular parallelepipedon in the The con-

. . . . . . ditons of

interior. The area of its horizontal base, we will say, is equilibrium
. . “ in liquids

a, and the length of its vertical edges 4. The weight suh)%cted

to the ar-

of this parallelepipedon is therefore ad/s, where s is tonofgrav-
its specific gravity. If the paral- o

lelepipedon do not sink, this is F
possible only on the condition that 71
a greater pressure is exerted on the Prap

lower surface by the fluid than on
the upper. The pressures on the
upper and lower surfaces we will
respectively designate as ap and a (p + 4p). Equi-
librium obtains when adk.s=adp or dp/di =y,
where /7 in the downward direction is reckoned as posi-
tive. 'We see from this that for equal increments of /4
vertically downwards the pressure p must, correspond-
ingly, also receive equal increments. So that p=
ks 4 ¢; and if ¢, the pressure at the upper surface,
which is usually the pressure of the atmosphere, be-
comes = 0, we have, more simply, g = %5, that is, the
pressure is proportional to the depth beneath the sur-
face. If we imagine the liquid to be pouring into a ves-
sel, and this condition of affairs toi vet attained, every
liquid particle will then sink until the compressed par-
ticle beneath balances by the elasticity developed in it
the weight of the particle above.

From the view we have here presented it will be fur- pigerent

force-reia-

ther apparent, that the increase of pressure in a liquid tions exist
only in the

takes place solely in the direction in which gravity ling of the
acts. Only at the lower surface, at the base, of the gféﬁ?y?f
parallelepipedon, is an excess of elastic pressure on the
part of the liquid beneath required to balance the
weight of the parallelepipedon. Along the two sides of

the vertical containing surfaces of the parallelepipedon,

Fig. 67.
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the liquid is in a state of equal compression, since no
force acts in the vertical containing surfaces that would
determine a greater compression on the one side than
on the other. ‘

If we picture to ourselves the totality of all the
points of the liquid at which the same pressure p acts,
we shall obtain a surface—a so-called leve/ surface. If
we displace a particle in the direction of the action of
gravity, it undergoes a change of pressure. If we dis-
place it at right angles to the direction of the action of
gravity, no alteration of pressure takes place. In the
latter case it remains on the same level surface, and
the element of the level surface, accordingly, stands at
right angles to the direction of the force of gravity.

Imagining the earth to be fluid and spherical, the
level surfaces are concentric spheres, and the directions
of the forces of gravity (the radii) stand at right angles
to the elements of the spherical surfaces. Similar ob-
servations are admissible if the liquid particles be acted
on by other forces than gravity, magnetic forces, for
example.

The level surfaces afford, in a certain sense, a dia-
gram of the force-relations to which a fluid is subjected;
a view further elaborated by analytical hydrostatics.

12. The increase of the pressure with the depth be-
low the surface of a heavy liquid may be illustrated by
a series of experiments which we chiefly owe to Pas-
cal. These experiments also well illustrate the fact,
that the pressure is independent of the direction. In
Fig. 68, 1, is an empty glass tube g ground off at the
bottom and closed by a metal disc gp, to which a
string is attached, and the whole plunged into a vessel
of water. When immersed to a sufficient depth we
may let the string go, without the metal disc, which is
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supported by the pressure of the liquid, falling. In 2, ggg&a]g;;x'

the metal disc is replaced by a tiny column of mer- g?ets];ireof
cury. If (3) we dip an open siphon tube filled with liquids. -
mercury into the water, we shall
see the mercury, in consequence
of the pressure at @, rise into
the longer arm. In 4, we see a
tube, at the lower extremity of
which a leather bag filled with
mercury is tied: continued im-
mersion forces the mercury
higher and higher into the tube.
In 5, a piece of wood % is driven
by the pressure of the water into i
the small arm of an empty siphon o
tube. In 6, a piece of wood # ii!“; {Hi
‘immersed in mercury adheres to =
the bottom of the vessel, and is L
pressed firmly against it for as ot
long a time as the mercury is it
kept from working its way un- {iHH
derneath it.
13. Once we have made quite ! IH
clear to ourselves that the pres- —
sure in the interior of a heavy Jﬂ” ‘
liquid increases proportionally to :
the depth below the surface, the
law that the pressure at the base
of a vessel is independent of its
form will be readily perceived.
The pressure increases as we de-
scend at an equal rate, whether the vessel (Fig. 69)
has the form aécd or ebcf. In both cases the walls
of the vessel where they meet the liquid, go on deforming

i

L

Fig. 68.

The pres-
sure at the

ey baseofa
vessel inde-
pendent of
its form.
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till the point is reached at which they equilibrate by the
elasticity developed in them the pressure exerted by the
fluid, that is, take the place as regards pressure of the
fluid adjoining. This factis
a direct justification of Ste-
vinus’s fiction of the solidi-
fied fluid supplying the place
of the walls of the vessel
The pressure on the base
Fig. 6o. always remains P =d47ks,
where 4 denotes the area of the base, 4 the depth of
the horizontal plane base below the level, and s the
specific gravity of the liquid.

Elucida- _ The fact that, the walls of the vessel being neg-
flonofthis Jected, the vessels 1, 2, 3 of Fig. 70 of equal base-
area and equal pressure-height weigh differently in the
balance, of course
h’ ] K in no wise con-
—E=|— —E=|— tradicts the laws
==+ == of pressure men-
1 | tioned. If we take
Fig. 70. into account the
lateral pressure, we shall see that in the case of 1 we
have left an extra component downwards, and in the
case of 3 an extra component upwards, so that on the
whole the resultant superficial pressure is always equal

to the weight. .
The princi-  14. The principle of virtual displacements is ad-

leof vir- . .
twal die mirably adapted to the acquisition of clearness and

placements . . .
applied to  comprehensiveness in cases of this character, and we

h id- . . .
eration of _shall accordingly make use of it. To begin with, how-

blems of . .
this class.ever, let the following be noted. If the weight ¢ (Fig.
71) descend from position 1 to position 2, and a weight

of exactly the same size move at the same time from

to
9
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2 to 3, the work performed in this operation is ¢/, - Prelimi-
X i 1 nary re-
gy =g (2, + %,), the same, that is, as if the weight marks.
¢ passed directly from 1 to 3 and the weight at 2 re-
mained in its original position. The observation is

easily generalised.

qL
2
4y = Yy

Fig 71.

Let us consider a heavy homogeneous rectangular
parallelepipedon, with vertical edges of the length 7,
base 4, and the specific gravity s (Fig. 72). Let this
parallelepipedon (or, what is the same thing, its centre
of gravity) descend a distance #%.. The work done is
then 4 /s.d 7%, or, also, A dks.k In the first expres-
sion we conceive the whole weight A %45 displaced the
vertical distance #/%; in the second we conceive the
weight 4 d%s as having descended from the upper
shaded space to the lower shaded space the distance 4,
and leave out of account
the rest of the body.

Both methods of concep- [ ]
tion are admissible and jg
equivalent. e

15. With the aid of Pascal’s
this observation we shall parados.
obtaia a clearinsightinto Fig. 73.
the paradox of Pascal, which consists of the following.

The vessel ¢ (Fig. 73), fixed to a separate support and
consisting of a narrow upper and a very broad lower
cylinder, is closed at the bottom by a movable piston,
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which, by means of a string passing through the axis
of the cylinders, is independently suspended from the
extremity of one arm of a balance. If g be filled with
water, then, despite the smallness of the quantity of
water used, there will have to be placed on the other
scale-pan, to balance it, several weights of consider-
able size, the sum of which will be 4 /s, where 4 is
the piston-area, % the height of the liquid, and s its
specific gravity. But if the liquid be frozen and the
mass loosened from the walls of the vessel, a very
small weight will be sufficient to preserve equilibrium.
The expla- Let us look to the virtual displacements of the two

?Eéiﬁé‘riﬁox cases (Fig. 74). In the first case, supposing the pis-
ton to be lifted a distance 7/, the virtual moment is
Adhs.hor Als.dh. It thus
/ that the motion of the piston
displaces to be lifted to the
ah upper surface of the fluid
Fig. 74 through the entire pressure-
case, the mass that the piston displaces is not lifted to
the upper surface of the fluid, but suffers a displace-
ment whichis much smaller—the displacement, namely,
of the piston. If 4, @ are the sectional areas respect-
present case is Adhs. k+ adhs. = (Ak+ al) s. dk;
which is equivalent to the lifting of a much smaller
weight (4% + a/) s, the distance Z4.
16. The laws relating to the lateral pressure of

comes to the same thing,
height, or consider the entire weight 4 /s lifted the
ively of the greater and the less cylinder, and £ and /
liquids are but slight modifications of the laws of basal

whether we consider the mass
distance of the piston-displacement #%. In the second
their respective heights, then the virtual moment of the
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pressure. If we have, for example, a cubical vessel Thelawsot
of 1 decimetre on the side, which is a vessel of litre ];;art:;:‘}re.
capacity, the pressure on any one of the vertical lateral

walls A BCD, when the vessel is filled with water, is

easily determinable. The deeper the migratory element
considered descends beneath the surface, the greater

the pressure will be to which it is subjected. We easily
perceive, thus, that the pressure on a lateral wall is rep-

resented by a wedge of water 4 BCD A resting upon

the wall horizontally A £

placed, where /D is at B ¥a

right angles to D and

ID=HC=AC. The X

lateral pressure accor- H , )[\ iz

dingly is equal to half )

a kilogramme. G
Fig 75.

To determine the
point of application of the resultant pressure, conceive
ABCD again horizontal with the water-wedge resting
upon it. We cut off 4X=BL=34C, draw the
straight line XZ and bisect it at 47 ; M is the point of
application sought, for through this point the vertical
line cutting the centre of gravity of the wedge passes.

A plane inclined figure forming the base of a vessel The pres-
filled with a liquid, is divided into the elements «, o, ;‘f;ie" i
a” . .. with the depths %, #’, 2" ... below the level of clinedbase.
the liquid. The pressure on the base is

(ah+a 2 +a" 7" +..)s
1f we call the total base-area 4, and the depth of its
centre of gravity below the surface /7, then

a/’z—{-a’/z’—]—a”/z"—{—...__aiz—}-a’/z'—l—...__H
g ' - h— 3
afa+a"+... - A

whence the pressure on the base is 4 Zs.
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17. The principle of Archimedes can be deduced in

principle of various ways. After the manner of Stevinus, let us

Archime-
des may be
effected 1n
various
ways.

One meth-
od.

Another
method in-
volving the

princiole of

virtual dis-
placements.

conceive in the interior of the liquid a portion of it
solidified. This portion now, as before, will be sup-
ported by the circumnatant liquid. The resultant of
the forces of pressure acting on the surfaces is accor-
dingly applied at the centre of gravity of the liquid dis-
placed by the solidified body, and is equal and opposite
to its weight. If now we put in the place of the solid-
ified liquid another different body of the same form, but
of a different specific gravity, the forces of pressure at
the surfaces will remain the same. Accordingly, there
now act on the body two forces, the weight of the body,
applied at the centre of gravity of the body, and the up-
ward buoyancy, the resultant of the surface-pressures,
applied at the centre of gravity of the displaced liquid.
The two centres of gravity in question coincide only in
the case of homogeneous solid bodies.

If we immerse a rectangular parallelepipedon of al-
titude /2 and base «, with edges vertically placed, in a
liquid of specific gravity s, then the pressure on the
upper basal surface, when at a depth £ below the level
of the liquid is a‘s, while the pressure on the lower
surface is a (4 + %) s. As the lateral pressures destroy
each other, an excess of pressure a/s upwards re-
mains; or, where » denotes the volume of the paral-
lelepipedon, an excess v. s.

We shall approach nearest the fundamental con-
ception from which Archimedes started, by recourse to
the principle of virtual displacements. ILet a paral-
lelepipedon (Fig. 76) of the specific gravity o, base a,
and height /% sink the distance #%. The virtual mo-
ment of the transference frotn the upper into the lower
shaded space of the figure will be a 4. 6 4 But while
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this is done, the liquid rises from the lower into the up-
per space, and its moment is ad/sk  The total vir-
tual moment is therefore e/ (6 — s\ dh=(p—q)d2,
where p denotes the weight of the body and ¢ the weight
of the displaced liquid.

=
(4
/e
Fig. 76. Fig. 77.
18. The question might occur to us, whether thels th..;buoy
a
upward pressure of a body in a liquid is affected by the };égyy;:n:a
immersion of the latter in another liquid. As a fact, teetid by
the immer-
this very question has been proposed. Let therefore sion ot that
liquid in a

(Fig. 77) a body X be submerged in a liquid 4 and the second
liquid with the containing vessel in turn submerged in auid?
another liquid B. If in the determination of the loss

of weight in A it were proper to take account of the

loss of weight of 4 in B, then K’s loss of weight would
necessarily vanish when the fluid B became identical
with 4. Therefore, X immersed in 4 would suffer a

loss of weight and it would suffer none. Such a rule
would be nonsensical.

‘With the aid of the principle of virtual displace- The eluci-
ments, we easily comprehend the more comphcatedma;gncgfn-
cases of this character. If a body be first gradually casesofthxs
immersed in B, then partly in B and partly in 4, class
finally in 4 wholly ; then, in the second case, consider-
ing the virtual moments, both liquids are to be taken
into account in the proportion of the volume of the
body immersed in them. But as soon as the body 1s
wholly immersed in 4, the level of A4 on further dis-
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placement no longer rises, and therefore 5 is no longer

of consequence.
The Archi- 19. Archimedes’s principle may be illustrated by a

medean . .
principle il- pretty experiment. From the one extremity of a scale-

lalﬁsgf;:gi-by beam (Fig. 78) we hang a hollow cube /, and beneath
ment it a solid cube M, which exactly fits into
the first cube. We put weights into the
opposite pan, until the scales are in
equilibrium. If now A/ be submerged
in water by lifting a vessel which stands
H beneath it, the equilibrium will be dis-
turbed ; but it will be immediately re-
stored if A, the hollow cube, be filled

l__ with water.

The coun- A counter-experiment is the follow-
ter-experi- ing. A is left suspended alone at the
M- one extremity of the balance, and into
the opposite pan is placed a vessel of
Fig. 78. water, above which on an independent
support M hangs by a thin wire. The scales are brought
to equilibrium. If now A/ be lowered until it is im-
mersed in the water, the equilibrium of the scales will
be disturbed ; but on filling Z with water, it will be

restored.
Remarkson At first glance this experiment appears a little para-
Be®™ doxical. We feel, however, instinctively, that 47 can-

not be immersed in the water without exerting a pres-
sure that affects the scales. When we reflect, that the
level of the water in the vessel rises, and that the solid
body A/ equilibrates the surface-pressure of the water
surrounding it, that is to say represents and takes the
place of an equal volume of water, it will be found
that the paradoxical character of the experiment van-
ishes.
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20. The most important statical principles have’rrlxe gene-
ral princi-

been reached in the investigation of solid bodies. This ples of stat-
: . . . .. ics might
course is accidentally the Zisforical one, but it is by no have been
: .. reachedin
means the only possible and necessary one. The dif- the investi-

. . . £
ferent methods that Archimedes, Stevinus, Galileo, and fuid bodies

the rest, pursued, place this idea clearly enough before
the mind. As a matter of fact, general statical princi-
ples, might, with the assistance of some very simple
propositions from the statics of rigid bodies, have been
reached in the investigation of liquids. Stevinus cer-
tainly came very near such a discovery. We shall stop
a moment to discuss the question.

Letus imagine a liquid, the weight of which we neg- The dis-
lect. Let this liquid be enclosed in a vessel and sub- ?HEE@?&?&‘S
jected to a definite pressure. A portion of the liquid, Stacemeat,
let us suppose, solidifies. On the closed surface nor-
mal forces act proportional to the elements of the area,
and we see without difficulty that their resultant will
always be = 0.

If we mark off by a closed curve a portion of the
closed surface, we obtain, on either side of it, a non-
closed surface. All surfaces which are bounded by the
same curve (of double curvature)-and on which forces
act normally (in the same sense) pro- g
portional to the elements of the area, >

have lines coincident in position for =~
<
the resultants of these forces.
Let us suppose, now, that a fluid 4 A -
. . 1\
cylinder, determined by any closed ’TTx
plane curve as the perimeter of its Fig. 79.

base, solidifies. We may neglect the two basal sur-
faces, perpendicular to the axis. And instead of the
cylindrical surface the closed curve simply may be con-
sidered. From this method follow quite analogous
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Thedis- propositions for normal forces proportional to the ele-
fiostration ments of a plane curve.

ctatoment. If the closed curve pass into a triangle, the con-

sideration will shape itself thus. The resultant normal

forces applied at the middle points of the sides of the

triangle, we represent in direction, sense, and magni-

\ tude by straight lines (Fig. 80). The

Aq.__ lines mentioned intersect at a point—

the centre of the circle described about

T the triangle. It will further be noted,

Fig. o. that by the simple parallel displace-

ment of the lines representing the forces a triangle is

constructible which is similar and congruent to the

original triangle.

Thededuc- Thence follows this proposition :

tion of the . . .

;riangle of Any three forces, which, acting at a point, are pro-
orces by

this method portional and parallel in direction to the sides of a tri-
angle, and which on meeting by parallel displacement
form a congruent triangle, are in equilibrium. We see
at once that this proposition is simply a different form
of the principle of the parallelogram of forces.
If instead of a triangle we imagine a polygon, we
shall arrive at the familiar proposition of the polygon
of forces.
We conceive now in a heavy liquid of specific gravity
x a portion solidified. On the element « of the closed
encompassing surface there acts a normal force a1z,
where zis the distance of the element from the level of
the liquid. We know from the outset the result.
Similar de- If normal forces which are determined by axz,
another im- Where a denotes an element of area and s ifs perpen-
‘;%‘;‘ii‘i%if”' dicular distance from a given plane Z, act on a closed

surface inwards, the resultant will be 7.1, in which ex-

pression V represents the enclosed volume. The
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resultant acts at the centre of gravity of the volume,
is perpendicular to the plane mentioned, and is directed
towards this plane.

Under the same conditions let a rigid curved surface The propo-
be bounded by a plane curve, which encloses on the iilet:lﬁfc:f,rs
plane the area 4. The resultant of the forces acting S reens

on the curved surface is &, where Theorem.
R2=(AZ)> 4+ (V)2 — AZVn? cos v,

in which expression Z denotes the distance of the
centre of gravity of the surface 4 from Z, and » the
normal angle of £ and 4.

In the proposition of the last paragraph mathe-
matically practised readers will have recognised a par-
ticular case of Green’s Theorem, which consists in the
reduction of surface-integrations to volume-integra-
tions or wvice versa.

We may, accordingly, see info the force-system of a The impli-
fluid in equilibrium, or, if you please, see out of it, sys- fﬁé’%?:vff
tems of forces of greater or less complexity, and thus 5%
reach by a short path propositions @ posteriori. Itisa
mere accident that Stevinus did not light on these
propositions. The method here pursued corresponds
exactly to his. In this manner new discoveries can
still be made.

21. The paradoxical results that were reached in Fruitful re-
the investigation of liquids, supplied a stimulus to fur- fx’fxlrtessgfg;he
ther reflection and research. It should also not be left domaia.
unnoticed, that the conception of a physico-mechanical
continuum was first formed on the occasion of the in-
vestigation of liquids. A much freer and much more
fruitful mathematical mode of view was developed

thereby, than was possible through the study even of
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systems of several sclid bodies. The origin, in fact,
of important modern mechanical ideas, as for instance
that of the potential, is traceable to this source.

VII.

THE PRINCIPLES OF STATICS IN THEIR APPLICATION TO
GASEOUS BODIES.

Character 1. The sameiv‘iews that subserve the ends of s.,cience

l;;Iaqutlrig}eftof in the investigation of liquids are applicable with but
slight modifications to the investigation of gaseous
bodies. To this extent, therefore, the investigation of
gases does not afford mechanics any very rich returns.
Nevertheless, the first steps that were taken in this
province possess considerable significance from the
point of view of the progress of civilisation and so
have a high import for science generally.

The elus- Although the ordinary man has abundant oppor-

its gsgjse%ft tunity, by his experience of the resistance of the air, by

WAL the action of the wind, and the confinement of air in
bladders, to perceive that air is of the nature of a body,
yet this fact manifests itself infrequently, and never in
the obvious and unmistakable way that it does in the
case of solid bodies and fluids. It is known, to be sure,
but is not sufficiently familiar to be prominent in popu-
lar thought. In ordinary life the presence of the air is
scarcely ever thought of. (See p. 517.)

The effect Although the ancients, as we may learn from the

of the first . . . .
disclosures accounts of Vitruvius, possessed instruments which,

fhoe P Jike the so-called hydraulic organs, were based on the
condensation of air, although the invention of the air-
gun is traced back to Ctesibius, and this instrument
was also known to Guericke, the notions which people

held with regard to the nature of the air as late even
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as the seventeenth century were exceedingly curious
and loose. We must not be surprised, therefore, at the
intellectual commotion which the first more important
experiments in this direction evoked. The enthusiastic
description which Pascal gives of Boyle’s air-pump ex-
periments is readily comprehended, if we transport our-
selves back into the epoch of these discoveries. What
indeed could be more wonderful than the sudden dis-
covery that a thing which we do not see, hardly feel,
and take scarcely any notice of, constantly envelopes
us on all sides, penetrates all things; that it is the most
important condition of life, of combustion, and of gi-
gantic mechanical phenomena. It was on this occa-
sion, perhaps, first made manifest by a great and strik-
ing disclosure, that physical science is not restricted
to the investigation of palpable and grossly sensible
processes.

2. In Galileo’s time philosophers explained the
phenomenon of suction, the action of syringes and
pumps by the so-called /orror vacui—nature’s abhor-
rence of a vacuum. Nature was thought to possess
the power of preventing the formation of a vacuum by
laying hold of the first adjacent thing, whatsoever it
was, and immediately filling up with it any empty space
that arose. Apart from the ungrounded speculative
element which this view contains, it must be conceded,
that to a certain extent it really represents the phe-
nomenon. The person competent to enunciate it must
actually have discerned some principle in the phenom-
enon. This principle, however, does not fit all cases.
Galileo is said to have been greatly surprised at hearing
of a newly constructed pump accidentally supplied
with a very long suction-pipe which was not able to
raise water to a height of more than eighteen Italian
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ells. His first thought was that the Zorror vacui (or the
resistensa del vacuo) possessed a measurable power. The
greatest height to which water could be raised by suc-
tion he called altezza limitatissima. He sought, more-
over, to determine directly the weight able to draw out
of a closed pump-barrel a tightly fitting piston resting
on the bottom.

3. TorRICELLI hit upon the idea of measuring the Torricelli's
resistance to a vacuum by a column of mercury instead srperiment
of a column of water, and he expected to obtain a col-
umn of about & of the length of the water column.

His expectation was confirmed by the experiment per-
formed in 1643 by Viviani in the well-known manner,
and which bears to-day the name of the Torricellian
experiment. A glass tube somewhat over a metre in
length, sealed at one end and filled with mercury, is
stopped at the open end with the finger, inverted in a
dish of mercury, and placed in a vertical position. Re-
moving the finger, the column of mercury falls and re-
mains stationary at a height of about 76 cm. By this
experiment it was rendered quite probable, that some
very definite pressure forced the fluids into the vacuum.
‘What pressure this was, Torricelli very soon divined.

Galileo had endeavored, some time before this, to Galileo's
determine the weight of the air, by first weighing 2 weighair,
glass bottle containing nothing but air and then again
weighing the bottle after the air had been partly ex-
pelled by heat. It was known, accordingly, that the
air was heavy. But to the majority of men the korror
vacui and the weight of the air were very distantly
connected notions. It is possible that in Torricelli’s
case the two ideas came into sufficient proximity to
lead him to the conviction that all phenomena ascribed
to the ‘korror vacui were explicable in a simple and
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Atmospher- [ogical manner by the pressure exerted by the weight
iC pressure . . . . .
ld);s“}o;_zerg?d of a fluid column—a column of air. Torricelli discov-
celli. ered, therefore, the pressure of the atmosphere ; he also
first observed by means of his column of mercury the
variations of the pressure of the atmosphere.

4. The news of Torricelli’s experiment was circu-
lated in France by Mersenne, and came to the knowl-
edge of Pascal in the year 1644. The accounts of the
theory of the experiment were presumably so imper-
fect that PascaL fourd it necessary to reflect indepen-
dently thereon. (Pesanteur de lair. Paris, 1663.)

Pascal'sex-  He repeated the experiment with mercury and with

periments. a tube of water, or rather of red wine, 40 feet in length.
He soon convinced himself by inclining the tube that
the space above the column of fluid was really empty;
and he found himself obliged to defend this view against
the violent attacks of his countrymen. Pascal pointed
out an easy way of producing the vacuum which they
regarded as impossible, by the use of a glass syringe,
the nozzle of which was closed with the finger under
water and the piston then drawn back without much
difficulty. Pascal showed, in addition, that a curved
siphon 4o feet high filled with water does not flow, but
can be made to do so by a sufficient inclination to the
perpendicular. The same experiment was made on a
smaller scale with mercury. The same siphon flows
or does not flowaccording as it is placed in an inclined
or a vertical position.

In a later performance, Pascal refers expressly to
the fact of the weight of the atmosphere and to the
pressure due to this weight. He shows, that minute
animals, like flies, are able, without injury to them-
selves, to stand a high pressure in fluids, provided only
the pressure is equal on all sides; and he applies this
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at once to the case of fishes and of animals that live in The anal-
the air. Pascal’s chief merit, indeed, is to have estab- 11?1?5[::?
lished a complete analogy between the phenomena con- o promsure.
ditioned by liquid pressure (water-pressure) and those
conditioned by atmospheric pressure.
5. By a series of experiments Pascal shows that
mercury in consequence of atmospheric pressure rises
into a space containing no air in the same way that,
in consequence of water-pressure, it rises into a space
containing no water. If into a deep ves- M
sel filled with water (Fig. 81) a tube be
sunk at the lower end of which a bag of
mercury is tied, but so inserted that the
upper end of the tube projects out of the
water and thus contains only air, then
the deeper the tube is sunk into the water
the higher will the mercury, subjected Fig. 81.
to the constantly increasing pressure of the water, as-
cend into the tube. The experiment can also be made,
with a siphon-tube, or with a tube open at its lower end.
Undoubtedly it was the attentive consideration of The height

moun-

this very phenomenon that led Pascal to the idea that ::;gzddgtyer-
the barometer-column must necessarily stand lower at the barom-
the summit of a mountain than at its base, and that

it could accordingly be employed to determine the

height of mountains. He communicated this idea to

his brother-in-law, Perier, who forthwith successfully
performed the experiment on the summit of the Puy

de Déme. (Sept. 19, 1648.)

Pascal referred the phenomena connected with ad- Aldaltxgsswn

hesion-plates to the pressure of the atmosphere, and”

gave as an illustration of the principle involved the re-
sistance experienced when a large hat lying flaton a

table is suddenly lifted. The cleaving of wood to the
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bottom of a vessel of quicksilver is a phenomenon of

the same kind.
Pascal imitated the flow produced in a siphon by
by water- atmospheric pressure, by the use of water-pressure.

The two open unequal arms 2 and
b of a three-armed tube ¢ & ¢ (Fig.

82) are dipped into the vessels of

mercury ¢ and & If the whole

arrangement then be immersed in

a deep vessel of water, yet so that
the long open branch shall always
project above the upper surface,
the mercury will gradually rise in

Fig. 82.

the branches ¢ and 4, the columns

finally unite, and a stream begin to flow from the vessel
4 to the vessel ¢ through the siphon-tube open above

to the air.
Nnd

i

Fig. 83.

The Torricellian experiment was modi-
fied by Pascal in a very ingenious manner.
A tube of the form aécd (Fig. 83), of
double the length of an ordinary barom-
eter-tube, 1s filled with mercury. The
openings 2 and 4 are closed with the fin-
gers and the tube placed in a dish of
mercury with the end 2 downwards. If
now ¢ be opened, the mercury in ¢4 will
all fall into the expanded portion at ¢, and
the mercury in a4 will sink to the height
of the ordinary barometer-column. A vac-
uum is produced at & which presses the
finger closing the hole painfully inwards.
If 4 also be opened the column in @4 will

sink completely, while the mercury in the expanded
portion ¢, being now exposed to the pressure of the
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atmosphere, will rise in ¢4 to the height of the barom-
eter-column. Without an air-pump it was hardly pos-
sible to combine the experiment and the counter-
experiment in a simpler and more ingenious manner
than Pascal thus did.

6. With regard to Pascal’s mountain-experiment, Supple-
we shall add the following brief supplementary remarks. markeon
Let 4, be the height of the barometer at the level of e -
the sea, and let it fall, say, at an elevation of m metres, experiment
to kb, where £ is a proper fraction. At a further eleva-
tion of . metres, we must expect to obtain the barom-
eter-height %. £ 4, since we here pass through a stratum
of air the density of which bears to that of the first the
proportion of £: 1. If we pass upwards to the altitude
/= n . m metres, the barometer-height corresponding
thereto will be
log 4, — log é

T logk

= é"" byor n=
"
h= Y (log 4, — log 4.).

The principle of the method is, we see, a very simple
one; its difficulty arises solely from the multifarious
collateral conditions and corrections that have to be
looked to.

7. The most original and fruitful achievements in The experi.
the domain of agrostatics we owe to OTTO VON GUE- geeyon
ricke. His experiments appear to have been suggested "
in the main by philosophical speculations. He pro-
ceeded entirely in his own way; for he first heard of
the Torricellian experiment from Valerianus Magnus
at the Imperial Diet of Ratisbon in 1654, where he dem-
onstrated the experimental discoveries made by him
about 1650. This statement is confirmed by his method
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of constructing a water-barometer which was entirely
different from that of Torricelli.

'cra};evgiireorgg Guericke’s book (Experimenta nova, ut vocaniur,

Guerickes Magdedurgica. Amsterdam. 1672) makes us realise
the narrow views men took in his time. The fact that
he was able gradually to abandon these views and to
acquire broader ones by his individual endeavor speaks
favorably for his intellectual powers. We perceive
with astonishment how short a space of time separates
us from the era of scientific barbarism, and can no lon-
ger marvel that the barbarism of the social order still
SO oppresses us.

its specula-  In the introduction to this book and in various other

tive charac- . . . . - .

ter. places, Guericke, in the midst of his experimental in-
vestigations, speaks of the various objections to the
Copernican system which had been drawn from the
Bible, (objections which he seeks to invalidate,) and
discusses such subjects as the locality of heaven, the
locality of hell, and the day of judgment. Disquisi-
tions on empty space occupy a considerable portion
of the work.

Guericke's Guericke regards the air as the exhalation or odor

notion of . . .

theair. of bodies, which we do not perceive because we have
been accustomed to it from childhood. Air, to him,
isnot an element. He knows that through the effects of
heat and cold it changes its volume, and that it is
compressible in Hero’s Ball, or Pila Heronis; on the
basis of his own experiments he gives its pressure at
20 ells of water, and expressly speaks of its weight, by
which flames are forced upwards.

8. To produce a vacuum, Guericke first employed

a wooden cask filled with water. The pump of a fire-
engine was fastened to its lower end. The water, it
was thought, in following the piston and the action of
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Guericke's First Experiments. (Experim. Magdeb.)
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gravity, would fall and be pumped out. Guericke ex-
pected that empty space would remain. The fastenings
of the pump repeatedly proved to be too weak, since in
consequence of the atmospheric pressure that weighed
on the piston considerable force had to be applied to
move it. On strengthening the fastenings three power-
ful men finally accomplished the exhaustion. But,
meantime the air poured in through the joints of the
cask with a loud blast, and no vacuum was obtained.
In a subsequent experiment the small cask from which
the water was to be exhausted was immersed in a larger
one, likewise filled with water. But in this case, too, the
water gradually forced its way into the smaller cask.

Wood having proved in this way to be an unsuit-
able material for the purpose, and Guericke having re-
marked in the last experiment indications of success,
the philosopher now took a large hollow sphere of
copper and ventured to exhaust the air directly. At
the start the exhaustion was successfully and easily
conducted. But after a few strokes of the piston, the
pumping became so difficult that four stalwart men
(viri quadrat?), putting forth their utmost efforts, could
hardly budge the piston. And when the exhaustion
had gone still further, the sphere suddenly collapsed,
with a violent report. Finally by the aid of a copper
vessel of perfect spherical form, the production of the
vacuum was successfully accomplished. Guericke de-
scribes the great force with which the air rushed in on
the opening of the cock.

9. After these experiments Guericke constructed
an independent air-pump. A great glass globular re-
ceiver was mounted and closed by a large detachable
tap in which was a stop-cock. Through this opening
the objects to be subjected to experiment were placed
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in the receiver. To secure more perfect closure the Guerick
. . . air-pum

receiver was made to stand, with its stop-cock under

water, on a tripod, beneath which the pump proper was

Guericke's Air-pump, (Experine. Magded.)

placed. Subsequently, separate receivers, connected
with the exhausted sphere, were also employed in the
experiments.
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Thecurious ~ The phenomena which Guericke observed with this

phenomena . . . .
observed by apparatus are manifold and various. The noise which

B water in a vacuum makes on striking the sides of the
Fue glass receiver, the violent rush of air and water into
exhausted vessels suddenly opened, the escape on ex-
haustion of gases absorbed in liquids, the liberation of
their fragrance, as Guericke expresses it, were Imme-
diately remarked. A lighted candle is extinguished
on exhaustion, because, as Guericke conjectures, it
derives its nourishment from the air. Combustion, as
his striking remark is, is not an annihilation, but a
transformation of the air.
A bell does not ring in a vacuum. Birds die in it.
Many fishes swell up, and finally burst. A grape is kept
fresh in vacuo for over half a year. '
By connecting with an exhausted cylinder a long
tube dipped in water, a water-barometer is constructed.
The column raised is 19-20 ells high; and Von Guericke
explained all the effects that had been ascribed to the
horror wacui by the principle of atmospheric pressure.
An important experiment consisted in the weighing
of a receiver, first when filled with air and then when
" exhausted. The weight of the air was found to vary
with the circumstances ; namely, with the temperature
and the height of the barometer. According to Gue-
ricke a definite ratio of weight between air and water
does not exist.
The experi- But the deepest impression on the contemporary
imngst;haetr-ic world was made by the experiments relating to atmos-
pressure.  pheric pressure. An exhausted sphere formed of two
hemispheres tightly adjusted to one another was rent
asunder with a violent report only by the traction of
sixteen horses. The same sphere was suspended from
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a beam, and a heavily laden scale-pan was attached to
the lower half.

The cylinder of a large pump is closed by a piston.
To the piston a rope is tied which leads over a pulley
and is divided into numerous branches on which a
great number of men pull. The moment the cylinder is
connected with an exhausted receiver, the men at the
ropes are thrown to the ground. In a similar manner
a huge weight is lifted.

Guericke mentions the compressed-air gun as some- Guericke's
thing already known, and constructs independently an sirenn
instrument that might appropriately be called a rari-
fied-air gun. A bullet is driven by the external atmos-
pheric pressure through a suddenly exhausted tube,
forces aside at the end of the tube a leather valve which
closes it, and then continues its flight with a consider-
able velocity.

Closed vessels carried to the summit of a mountain
and opened, blow out air; carried down again in the
same manner, they suck in air. From these and other
experiments Guericke discovers that the air is elastic.

1o. The investigations of Guericke were continued The investi-
by an Englishman, RoBERT BovLE.* The new experi- Robers
ments which Boyle had to supply were few. He ob-vBoyle'
serves the propagation of light in a vacuum and the
action of a magnet through it ; lights tinder by means
of a burning glass; brings the barometer under the re-
ceiver of the air-pump, and was the first to construct
a balance-manometer [‘‘the statical manometer’].

The ebullition of heated fluids and the freezing of water
on exhaustion were first observed by him.

Of the air- pump experiments common at the present
day may also be mentioned that with falling bodies,

* And published by him in 1660, before the work of Von Guericke.—7rans.
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which confirms in a simple manner the view of Galileo
that when the resistance of the air has been eliminated
light and heavy bodies both fall with the same velo-
city. In an exhausted glass tube a leaden bullet and a
piece of paper are placed. Putting the tube in a ver-
tical position and quickly turning it about a horizontal
axis through an angle of 180° both bodies will be seen
to arrive simultaneously at the bottom of the tube.

Of the quantitative data we will mention the fol-
lowing. The atmospheric pressure that supports a
column of mercury of 76 cm. is easily calculated from
the specific gravity 1360 of mercury to be 10336 kg.
to 1 sq.cm. The weight of 1000 cu.cm. of pure, dry
air at 0° C. and 760 mm. of pressure at Paris at an ele-
vation of 6 metres will be found to be 1-293 grams,
and the corresponding specific gravity, referred to
water, to be 0-001293.

11. Guericke knew of only oze kind of air. We
may imagine therefore the excitement it created when
in 1755 Brack discovered carbonic acid gas (fixed air)
and CaveNDISH in 1766 hydrogen (inflammable air),
discoveries which were soon followed by other similar
ones. The dissimilar
physical properties of
gases are very strik-
ing. Faraday has il-
lustrated their great
inequality of weight
by a beautiful lecture-
experiment. If from
Fig: 8. a balance in equilib-

CY

" rium, we suspend (Fig. 84) two beakers 4, B, the one

in an upright position and the other with its opening
downwards, we may pour heavy carbonic acid gas from
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above into the one and light hydrogen from beneath
into the other. In both instances the balance turns in
the direction of the arrow. To-day, as we know, the
decanting of gases can be made directly visible by the
optical method of Foucault and Toeppler.

12. Soon after Torricelli’s discovery, attempts were The mercu-
made to employ practically the vacuum thus produced. ;lfxln?.r'
The so-called mercurial air-pumps were tried. But no
such instrument was successful until the present cen-
tury. The mercurial air-pumps now in common use
are really barometers of which the extremities are sup-
plied with large expansions and so connected that their
difference of level may be easily varied. The mercury
takes the place of the piston of the ordinary air-pump.

13. The expansive force of the air, a property ob- Boyle'slaw.
served by Guericke, was more accurately investigated
by BovLE, and, later, by MariorTE. The law which
both found is as follows. If 7 be called the volume of
a given quantity of air and £ its pressure on unit area
of the containing vessel, then the product 7. 2 is
always = a constant quantity. If the volume of the
enclosed air be reduced one-half, the air will exert
double the pressure on unit of area; if the volume of
the enclosed quantity be doubled, the pressure will
sink to one-half; and so on. It is quite correct—as a
number of English writers have maintained in recent
times—that Boyle and not Mariotte is to be regarded
as the discoverer of the law that usually goes by
Mariotte’s name. Not only is this true, but it must
also be added that Boyle knew that the law did not
hold exactly, whereas this fact appears to have escaped
Mariotte. ‘

The method pursued by Mariotte in the ascertain-
ment of the law was very simple. He partially filled
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Mariotte's Torricellian tubes with mercury, measured the volume

experi-
ments.

His appa-
ratus.
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Fig. 86.

7" 7', and the corresponding variations of volume of the
air enclosed in » 7 observed.

It struck Mariotte on the occasion of his investiga-

tions that any small quantity of air cut off completely

of the air remaining, and then performed the Torricel-

lian experiment. The new volume of
air was thus obtained, and by subtract-
ing the height of the column of mer-
cury from the barometer-height, also
the new pressure to which the same
quantity of air was now subjected.

To condense the air Mariotte em-
ployed a siphon-tube with vertical
arms. The smaller arm in which the
air was contained was sealed at the
upper end ; the longer, into which the
mercury was poured, was open at the
upper end. The volume of the air
was read off on the graduated tube,
and to the difference of level of the
mercuryin the two arms the barometer-
height was added. At the present day
both setsof experiments are performed
in the simplest manner by fastening a
cylindrical glass tube (Fig. 86) 77,
closed at the top, to a vertical scale
and connecting it by a caoutchouc
tube %% with a second open glass tube
#'#', which is movable up and down
the scale. If the tubes be partly filled
with mercury, any difference of level
whatsoever of the two surfaces of mer-
cury may be produced by displacing
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from the rest of the atmosphere and therefore not
directly affected by the latter’s weight, also supported
the barometer-column ; as where, to give an instance,
the open arm of a barometer-tube is closed. The simple
explanation of this phenomenon, which, of course,
Mariotte immediately found, is this, that the air before
enclosure must have been compressed to a point at
which its tension balanced the gravitational pressure
of the atmosphere ; that is to say, to a point at which
it exerted an equivalent elastic pressure.

We shall not enter here into the details of the ar-
rangement and use of air-pumps, which are readily
understood from the law of Boyle and Mariotte.

14. It simply remains for us to remark, that the dis-
coveries of aérostatics furnished so much that was new
and wonderful that a valuable inteliectual stimulus pro-
ceeded from the science.

The expan
sive force of
isolated
portions of
the atmos-
phere.
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CHAPTER IL

THE DEVELOPMENT OF THE PRINCIPLES OF
DYNAMICS.

I.
GALILEO’S ACHIEVEMENTS.

1. We now pass to the discussion of the funda-
mental principles of dynamics. This is entirely a mod-
ern science. The mechanical speculations of the an-
cients, particularly of the Greeks, related wholly to
statics. Dynamics was founded by GariLeo. We shall
readily recognise the correctness of this assertion if we
but consider a moment a few propositions held by the
Aristotelians of Galileo’s time. To explain the descent
of heavy bodies and the rising of light bodies, (in li-
quids for instance, ) it was assumed that every thing and
object sought its place: the place of heavy bodies was
below, the place of light bodies was above. Motions
were divided into natural motions, as that of descent,
and violent motions, as, for example, that of a pro-
jectile. From some few superficial experiments and
observations, philosophers had concluded that heavy
bodies fall more quickly and lighter bodies more slowly,
or, more precisely, that bodies of greater weight fall
more quickly and those of less weight more slowly. It
is sufficiently obvious from this that the dyaamical
knowledge of the ancients, particularly of the Greeks,
was very insignificant, and that it was left to modern
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times to lay the true foundations of this department of
inquiry. (See Appendix, VII., p. 520.)

T ‘ :
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2. ‘Lhe treatise Discorsi e dimostrazion: nacemaliche,
in which Galileo communicated to the world the first
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ﬁi’éﬁfﬁ’;ﬁ dynamical investigation of the laws of falling bodies,

tion of the appeared in 1638. The modern spirit that Galileo dis-

laws of fall- . .

ing bodies. covers is evidenced here, at the very outset, by the fact
that he does not ask w/y heavy bodies fall, but pro-
pounds the question, How do heavy bodies fall? in
agreement with what Jew do freely falling bodies move?
The method he employs to ascertain this law is this.
He makes certain assumptions. He does not, however,
like Aristotle, rest there, but endeavors to ascertain by
trial whether they are correct or not.

His first, The first theory on which he lights is the following.

theory. It seems in his eyes plausible that a freely falling body,
inasmuch as it is plain that its velocity is constantly
on the increase, so moves that its velocity is double
after traversing double the distance, and triple after
traversing triple the distance ; in short, that the veloci-
ties acquired in the descent increase proportionally
to the distances descended through. Before he pro-
ceeds to test experimentally this hypothesis, he reasons
on it logically, implicates himself, however, in so doing,
in a fallacy. He says, if a body has acquired a certain
velocity in the first distance descended through, double
the velocity in double such distance descended through,
and so on; that is to say, if the velocity in the second
instance is double what it is in the first, then the double
distance will be traversed in the same time as the origi-
nal simple distance. If, accordingly, in the case of
the double distance we conceive the first half trav-
ersed, no time will, it would seem, fall to the account
of the second half. The motion of a falling body ap-
pears, therefore, to take place instantaneously; which
not only contradicts the hypothesis but also ocular evi-
dence. We shall revert to this peculiar fallacy of
Galileo’s later on.
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3. After Galileo fancied he had discovered this as- Hissecond,
sumption to be untenable, he made a second one, ac- §§f,{§ff°§5
cording to which the velocity acquired is proportional
to the time of the descent. That is, if a body fall once,
and then fall again during twice as long an interval of
time as it first fell, it will attain in the second instance
double the velocity it acquired in the first. He found
no self-contradiction in this theory, and he accordingly
proceeded to investigate by experiment whether the
assumption accorded with observed facts. It was dif-
ficult to prove by any direct means that the velocity
acquired was proportional to the time of descent. It
was easler, however, to investigate by what law the
distance increased with the time; and he consequently
deduced from his assumption the relation that obtained
between the distance and the time, and tested this by

experiment. The deduction g Discussion
. and eiuci-

is simple, distinct, and per- dation of
e true
fectly correct. He draws theory.

(Fig. 87) a straight line, and
on it cuts off successive por-
tions that represent to him Fig. 87.

the times elapsed. At the extremities of these por-
tions he erects perpendiculars (ordinates), and these
represent the velocities acquired. Any portion OG of
the line OA denotes, therefore, the time of descent
elapsed, and the corresponding perpendicular G/Athe
velocity acquired in such time.

If, now, we fix our attention on the progress of the
velocities, we shall observe with Galileo the following
fact: namely, that at the instant C, at which one-half
OC of the time of descent 04 has elapsed, the velocity
CD is also one-half of the final velocity 4.5.

If now we examine two instants of time, £ and G,
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Uniformly equally distant in opposite directions from the instant

accelerated
motion.

Tableofthe

times, ve-

C, we shall observe that the velocity ZG exceeds the
mean velocity CD by the same amount that Z/# falls
short of it. For every instant antecedent to C there
exists a corresponding one equally distant from it sub-
sequent to C. Whatever loss, therefore, as compared
with wniform motion with half the final velocity, is suf-
fered in the first half of the motion, such loss is made
up in the second half. The distance fallen through we
may consequently regard as having been wniformly de-
scribed with half the final velocity. If, accordingly,
we make the final velocity » proportional to the time
of descent 7, we shall obtain v = g#, where g denotes
the final velocity acquired in unit of time—the so-called
acceleration. The space s descended through is there-
fore given by the equation s = (g#/2) ¢ or s = g2 /2.
Motion of this sort, in which, agreeably to the assump-
tion, equal velocities constantly accrue in equal inter-
vals of time, we call uniformly accelerated motion.

If we collect the times of descent, the final veloci-

locities,and ties, and the distances traversed, we shall obtain the

distances of

descent.

following table:

Z 7. S.

1. 1. 1% 1. _;:_

2. 2. 2% 2. g

| 3. 3¢ 3% 3. 52’
4. 4g. 4 4. .‘g-

te. X 1. —‘Z-
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4. The relation obtaining between # and s admits Esperimen-
of experimental proof; and this Galileo accomphshed ifgn‘g;l&?
in the manner which we shall now describe.

‘We must first remark that no part of the knowledge
and ideas on this subject with which we are now so
familiar, existed in Galileo’s time, but that Galileo had
to create these ideas and means for us. Accordingly,
it was impossible for him to proceed as we should do
to-day, and he was obliged, therefore, to pursue a dif-
ferent method. He first sought to retard the motion
of descent, that it might be more accurately observed.

He made observations on balls, which he caused to
roll down inclined planes (grooves); assuming that only
the velocity of the motion would be lessened here, but
that the form of the law of descent would remain un-
modified. If, beginning from the upper extremity, the The arti
distances 1, 4, 9, 16 . . . be notched off on the groove, ployed.
the respective times of descent will be representable,
it was assumed, by the numbers 1, 2, 3, 4...; aresult
which was, be it added, confirmed. The observation of
the times involved, Galileo accomplished in a very in-
genious manner. There were no clocks of the modern
kind in his day: such were first rendered possible by
the dynamical knowledge of which Galileo laid the
foundations. The mechanical clocks which were used
were very inaccurate, and were available only for the
measurement of great spaces of time. Moreover, it
was chiefly water-clocks and sand-glasses that were in
use—in the form in which they had been handed down
from the ancients. Galileo, now, constructed a very
simple clock of this kind, which he especially adjusted
to the measurement of small spaces of time; a thing
not customary in those days. It consisted of a vessel of
water of very large transverse dimensions, having in
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the bottom a minute orifice which was closed with the
finger. As soon as the ball began to roll down the in-
clined plane Galileo removed his finger and allowed the
water to flow out on a balance ; when the ball had ar-
rived at the terminus of its path he closed the orifice.
As the pressure-height of the fluid did not, owing to
the great transverse dimensions of the vessel, percept-
ibly change, the weights of the water discharged from
the orifice were proportional to the times. It wasin
this way actually shown that the times increased simply,
while the spaces fallen through increased quadratically.
The inference from Galileo’s assumption was thus con-
firmed by experiment, and with it the assumption itself.

5. To form some notion of the relation which sub-
sists between motion on an inclined plane and that of
free descent, Galileo made the assumption, that a body
which falls through the height of an inclined plane
attains the same final velocity as a body which falls
through its length. This is an assumption that will
strike us as rather a bold one; but in the manner in
which it was enunciated and employed by Galileo, it is
quite natural. We shall endeavor to explain the way by
which he was led to it. He says: If a body fall freely
downwards, its velocity increases proportionally to the
time. When, then, the body has arrived at a point be-
low, let us imagine its velocity reversed and directed
upwards ; the body then, it is clear, will rise. We make
the observation that its motion in this case isa reflection,
so to speak, of its motion in the first case. As then its
velocity increased proportionally to the time of descent,
it will now, conversely, diminish in that propertion.
‘When the body has continued to rise for as long a
time as it descended, and has reached the height from
which it originally fell, its velocity will be reduced to



THE PRINCIPLES OF DYNAMICS. 135

zero. We perceive, therefore, that a body will rise, justifica-

- . . . o . . tion of the
in virtue of the velocity acquired in its descent, just as assumption
. - . . tnat the
high as it has fallen. If, accordingly, a body falling final veloc-

ities of such

down an inclined plane could acquire a velocity which motionsare
would enable it, when placed on a differently inclined he same.
plane, to rise higher than the point from which it had
fallen, we should be able to effect the elevation of
bodies by gravity alone. There is contained, accord-
ingly, in this assumption, that the velocity acquired by
a body in descent depends solely on the versica/ height
fallen through and is independent of the inclination of
the path, nothing more ‘than the uncontradictory ap-
prehension and recognition of the facz that heavy bodies
do not possess the tendency to rise, but only the ten-
dency to fall. If we should assume that a body fall-
ing down the length of an inclined plane in some way
or other attained a greater velocity than a body that
fell through its height, we should only have to let the
body pass with the acquired velocity to another in-
clined or vertical plane to make it rise to a greater ver-
tical height than it had fallen from. And if the velo-
city attained on the inclined plane were less, we should
_only have to reverse the process to obtain the same re-
sult. In both instances a heavy body could, by an ap-
propriate arrangement of inclined planes, be forced
continually upwards solely by its own weight—a state
of things which wholly contradicts our instinctive
knowledge of the nature of heavy bodies. (See p. 522.)

6. Galileo, in this case, again, did not stop with
the mere philosophical and logical discussion of his
assumption, but tested it by comparison with expe-
rience.

He took a simple filar pendulum (Fig. 88) with a
heavy ball attached. Lifting the pendulum, while
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Galileo's elongated its full length, to the level of a given altitude,

fal venhes- and then letting it fall, it ascended to the same level

tion of this . . .

assumption on the opposite side. If it does not do so exacily,
Galileo said, the resistance of the air must be the cause
of the deficit. This is inferrible from the fact that the

deficiency is greater in the case of a cork ball than itis
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Fig. 88.

Effected by In the case of a heavy metal one. However, this neg-
?:xgéadligg lected, the body ascends to the same altitude on the
gﬁ‘;’:ﬁfi opposite side. Now it is permissible to regard the mo-
1M Sg fion of a pendulum in the arc of a circle as a motion
of descent along a series of inclined planes of dif